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ON THE MINIMAL AFFINIZATIONS OF TYPE F4 
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Abstract. In this paper, we apply the theory of cluster algebras to study minimal afiinizations 
over the quantum affine algebra of type F 4 . We show that the g-characters of a large family 
of minimal affinizations of type Fi satisfy some equations. Moreover, every minimal affiniza- 
tion these equations corresponds to some cluster variable in some cluster algebra jY. For the 
other minimal affinizations of type JY which are not these equations, we give some conjectural 
equations which contains these minimal affinizations. Furthermore, we introduce the concept 
of dominant monomial graphs to study the equations satisfied by g-characters of modules of 
quantum affine algebras. 
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1. Introduction 

The theory of cluster algebras are introduced by Fomin and Zelevinsky in [FZn2] . It has many 
applications to mathematics and physics including quiver representations, Teichmiiller theory, 
tropical geometry, integrable systems, and Poisson geometry. 

Let 0 be a simple Lie algebra and UgQ the corresponding quantum affine algebra. In [C95] . V. 
Chari and A. Pressley introduced minimal affinizations of representations of quantum groups. 
The family of minimal affinizations is an important family of simple modules which contains 
the Kirillov-Reshetikhin modules. Minimal affinizations are studied intensively in recent years, 
see for examples, [CCII] . [CMYI.Ij . |Hern7| . [LiT^ . |T>M13] . [MTTI] . |MPn7| . [MPIIj . |MY12aj . 
[MY12b] . [MY14| . |Naol3| . |Naol4] . |QL14| , |SS14| . |ZDLL15] . However, there is not much work 
of the minimal affinizations over the quantum affine algebra of type F 4 in the literature. The 
aim of this paper is to apply the theory of cluster algebras to study minimal affinizations over 
the quantum affine algebra of type F 4 . 

M-systems and dual M-systems of types G 2 are introduced in [ZDLL15] . |QL14| to 

study the minimal affinizations of types An, Bn, G 2 . The equations in these systems are satisfied 
by the g-characters of minimal affinizations of types An, Bn, G 2 . It is shown that every equation 
in these systems corresponds to a mutation equation in some cluster algebra. 

The minimal affinizations of type F 4 are much more complicated than the minimal affinizations 
of types An, Bn, G 2 . In types An, Bn, G 2 , all minimal affinizations are special or anti-special, 
|Her07j . |LM13j . A [/gg^-module V is called special (resp. anti-special) if there is only one 
dominant (resp. anti-dominant) monomial in the g-character of V. In the case of type F 4 , there 
are minimal affinizations which are neither special nor anti-special, |Her07j . 

In [ZDLL15] . |QL14| , the M-systems and dual M-systems of types An, Bn, G 2 contain all 
minimal affinizations and only contain minimal affinizations. The situation is different in the 
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case of type -F 4 . It is quite possible that a closed system which contains all minimal affinizations 
and only contains minimal affinizations of type -F 4 does not exist. However, we are able to find 
two closed systems which contain a large family of minimal affinizations of type F 4 , Theorem 
13.41 Theorem 15.41 We show that the equations these systems are satisfied by the g-characters of 
the minimal affinizations in the systems. We prove that the modules in one system are special, 
Theorem 13.31 and the modules in the other system are anti-special, Theorem 15.21 Moreover, 
we show that every equation in Theorem 13.41 (resp. Theorem 15.4h corresponds to a mutation 
equation in some cluster algebra (resp. j?/). The cluster algebra is the same as the cluster 
algebra for the quantum affine algebra of type T 4 introduced in [HL13j . Moreover, every minimal 
affinization in Theorem 13.41 freso. Theorem 15.4h corresponds to a cluster variable in the cluster 
algebra (resp. Theorem 14.11 freso. Theorem 15.61) . 

The system of equations in Theorem 15.41 is dual to the system in Theorem 13.41 This system 
contains the modules which are dual to the modules in the system in Theorem 13.41 

For the minimal affinizations which are not in Theorem and Theorem Ea we give some 
conjectural equations which contain these modules. Conjecture 19.11 

We introduce the concept of dominant monomial graphs to study the equations satisfied by 
g-characters of modules of quantum affine algebras. We draw dominant monomial graphs for 
the modules in the equivalence classes of the left hand side of some equations in Conjecture 19.11 
In these graphs, we find that every graph can be divided into two parts. The vertices in the first 
(resp. second) part of the graph are dominant monomials in the first (resp. second) summand 
of the right hand side of the correpsonding equation. 

The paper is organized as follows. In Section [2l we give some background information about 
cluster algebras and representation theory of quantum affine algebras. In Section [3l we describe 
a closed system containing a large family of minimal affinizations of type T 4 . In Section 01 we 
study relations between the system in Theorem 13.41 and cluster algebras. In Section O we study 
the dual system of Theorem 13.41 In Section [ 6 l Section [71 and Section [HI we prove Theorem 
13.31 Theorem 13.41 and Theorem 13.61 given in Section [3l respectively. In Section [9l we give a 
conjecture about the equations satisfied by the g-characters of the other minimal affinizations 
of type F 4 and introduce the concept of dominant monomial graphs to study the conjecture. 


2. Background 

2.1. Cluster algebras. We first recall the definition of cluster algebras introduced by Fomin 
and Zelevinsky in |FZn2] . Let Q be the rational field and T = Q(a:i,X 2 ,--- ,a:n) the field 
of rational functions in n indeterminates over Q. A seed in J-” is a pair S = (y,Q), where 
y = (yi)2/2r'' ^Un) is a free generating set of T, and Q is a quiver with vertices labeled by 
{1,2, ■ ■ ■ , n}. Assume that Q has neither loops nor 2-cycles. For k € {1, 2, • • • , n}, one defines 
a new seed Hk{y, Q) = (y', Q') by the mutation of (y, Q) at k. Here y' = {y[,y'J, y[ = yi, 
for i k, and 

Ui^k Vi + Wk^j Vj 


Vk = 


Vk 


( 2 . 1 ) 


where the first (resp. second) product in the right hand side is over all arrows of Q with target 
(resp. source) k, and Q' is obtained from Q by the follow rule: 

(i) Reverse the orientations of all arrow incident with k] 

(ii) Add a new arrow i ^ j for every existing pair of arrow i ^ k and k ^ j] 
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(iii) Erasing every pair of opposite arrows possible created by (ii). 

The mutation class C(S) is the set of all seeds obtained from S by a finite sequence of mutation 
^k- If = ((yi) 2 / 2 r'' ^yn)jQ') is a seed in C(S), then the subset {y'i,y 2 ,-" ) 2 /n} is called a 
cluster, and its elements are called cluster variables. The cluster algebra as the subring of 
T generated by all cluster variables. Cluster monomials are monomials in the cluster variables 
supported on a single cluster. 

In this paper, the initial seed in the cluster algebra we use is of the form S = (y, Q), where 
y is an inhnite set and Q is an infinite quiver. 

Definition 2.1 (Definition 3.1, |GG14| 1. Let Q be a quiver without loops or 2-cycles and with a 
countably infinite number of vertices labelled by all integers i G Z. Furthermore, for each vertex 
i of Q let the number of arrows incident with i be finite. Let y = {yi | z G Z}. An infinite 
initial seed is the pair (y,( 5 ). By finite sequences of mutation at vertices of Q and simultaneous 
mutation of the set y using the exchange relation mD, one obtains a family of infinite seeds. 
The sets of variables in these seeds are called the infinite clusters and their elements are called 
the cluster variables. The cluster algebra of infinite rank of type Q is the subalgebra of Q(y) 
generated by the cluster variables. 


2 . 2 . The qnantum affine algebra of type E4. In this paper, we take g to be the complex 
simple Lie algebra of type F4 and f) a Gartan subalgebra of g. Let I = { 1 , 2 , 3 , 4 }. We choose 
simple roots oi, a 2 , 03 , 04 and scalar product (•, •) such that 

(ai,ai) = 2, (01,02) = —!, (0^2,012) = 2 , (02,03) = —2, 

(03,03) = 4 , (03,04) = — 2 , (04,04) = 4 . 


Therefore oi, 02 are the short simple roots and 03, 04 are the long simple roots. 

Let {of, af, Oi^, af} and {cai, t<; 2 , W 3 , ^ 4 } be the sets of simple coroots and fundamental 
weights respectively. Let C = denote the Gartan matrix, where Cij = Let 


1, ds — 2, ^4 

= 2, D 

= diag(di, ^ 2 , <^ 3 , (^4) and B 

= DC = 


f 

2 

-1 

0 

0 \ 


( 2 

-1 

0 

C = 


-1 

2 

-2 

0 

, B = 

-1 

2 

-2 


0 

-1 

2 

-1 

0 

-2 

4 


V 

0 

0 

-1 

2 y 


V 0 

0 

-2 


)l 

0 

0 


jg/. Then 


Let qi = q'^*, i € I. Let Q (resp. Q~^) and P (resp. P~^) denote the Z-span (resp. Z>o-span) 
of the simple roots and fundamental weights respectively. Let < be the partial order on P in 
which A < if and only if A^ — A G 

Quantum groups are introduced independently by Jimbo [.limSd] and Drinfeld [Dri87] . Quan¬ 
tum affine algebras form a family of infinite-dimensional quantum groups. Let g denote the 
untwisted afHne algebra corresponding to g. In this paper, we fix a g G C^, not a root of unity. 
The quantum afhne algebra UqQ in Drinfeld’s new realization, see [Dri 88 ] . is generated by xf^ 

{i & fin & Z), {i G I), (f G /, n G Z\{0}) and central elements subject to certain 

relations. 

The algebra t/^g is isomorphic to a subalgebra of t/^g. Therefore I/qg-modules restrict to 
t/gg-modules. 
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2.3. Finite-dimensional 17gg-modules and their g-characters. We recall some known re¬ 
sults on finite-dimensional f/^g-modules and their g-characters, |CP94] . [CP95aj . [FR98| . |MY12aj . 

Let V be the free abelian multiplicative group of monomials in infinitely many formal variables 
(^i,a)iG/,aGC>'■ Then ZP = Z[YT^]iG/,aGC>'- For each j G /, a monomial m = Oie/.aecx KT ^ 
where Ui^a are some integers, is said to be j-dominant (resp. j-anti-dominant) if and only if 
Uj,a > 0 (resp. Uj^a < 0) for all a G C^. A monomial is called dominant (resp. anti-dominant) 
if and only if it is j-dominant (resp. j-anti-dominant) for all j G I. 

Every finite-dimensional simple C/gg-module is parametrized by a dominant monomial in 'P~^, 
[CP94] . [CP95a] . That is, for a dominant monomial m = Oig/ agC^ there is a correspond¬ 

ing simple f7qg-module L{m). Let Rep([/gg) be the Grothendieck ring of finite-dimensional 
f/qg-modules and [F] G Rep([/gg) the class of a finite-dimensional f7qg-module V. 

The g-character of a C/qg-module V is given by 

X,(V) = Z dim.{Vm)m G ZP, 

m£V 

where Vm is the /-weight space with /-weight m, see [FR98] . We use ^{V) to denote the set of 
all monomials in Xg(F) for a finite-dimensional /7gg-module V. Let P’*' C P denote the set of 
all dominant monomials. For m+ G we use Xgi^-i-) to denote Xq{L{rn+)). We also write 
m G Xg(m+) if m G .^(xg(m+)). 

The following lemma is well-known. 


Lemma 2.2. Let mi, m 2 he two monomials. Then L{mim 2 ) is a sub-quotient of L{mi)®L[m 2 ). 
In partieular, ./#(L(mim 2 )) C ./#(L(mi)).^(L(m 2 )). □ 


A finite-dimensional P^g-module V is said to be special if and only if ./^{V) contains exactly 
one dominant monomial. It is called anti-special if and only if ./#(F) contains exactly one 
anti-dominant monomial. Clearly, if a module is special or anti-special, then it is simple. 

Let a G and 


Tl,a — Qig-lT2,a J 

T2,a = y2,ag^Y2^ag-^Y{)^%:a\ 

^3,a = ^3 ,jq2y3 ^2,aq^^2,aq-^ ' 

-^ 4 ,a T4 ug2 g,g-2 Tj Q, . 


( 2 . 2 ) 


Let Q be the subgroup of P generated by Ai^a,i G /, a G . Let be the monoids generated 
by Af^,i G I, a G . There is a partial order < on P in which 


m < m' if and only if m'm ^ G Q^. 

For all m+ G P+, .y#(L(m+)) C m+Q“, see [FMOl] . 

The concept of right negative is introduced in Section 6 of [FMOl] . 


(2.3) 


Definition 2.3. A monomial m is called right negative if for all a G C^, for L = max{/ G Z | 
u^ aqi{'>n) 7^ 0 for some f G /} we have Uj g^qL{m) < 0 for j G I. 

For i G I, a G C^, A~^ is right-negative. A product of right-negative monomials is right¬ 
negative. If m is right-negative and m' < m, then m' is right-negative, see |FM0I] . [H 06]. 
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2.4. g-characters of C/qS[2-modules and the Prenkel-Mukhin algorithm. We recall the 
results of the g'-characters of f/gS[ 2 -modules which are well-understood, see |CP91j . |FR98] . 

Let be the irreducible representation Uq5{2 with highest weight monomial 


4“’=n L 

i=0 

r(a) . 


aq'^ 


where Ya = Li,a- Then the g-character of ' is given by 

k 2—1 

_ via.) 


x,(»r’)=4“'En<‘ 


k — 2j ? 


2 = 0 j=0 


where Aa = Y^q-lYaq. 


For a G C^,k G Z>i, the set = {ag^ ^}i=o,...,fc-i is called a string. Two strings 
and ^ are said to be in general position if the union U ^ is not a string or C ^ 

Denote by L(m+) the irredncible C/gS[ 2 -modnle with highest weight monomial m+. Let m_|_ 7 ^ 
1 and G Z[Ya]a£c^ be a dominant monomial. Then m+ can be uniqnely (np to permutation) 
written in the form 


(a) 


( 


m+ = Yl 


2=1 


\ 


n L 




where s is an integer, = 1 ,..., s, are strings which are pairwise in general position and 

S S 

L(m+) = X,(T(m+)) = 

2=1 2=1 

For j € I, let 

■■ nyi\el;aecx ^ Z^a^^lagcx 

be the ring homomorphism snch that for all a G C^, Y^^a ^ 1 for k ^ j and Yj^a La- 

Let 14 be a t/gg-modnle. Then /3i{xq{V)), i G /, is the g-character of 14 considered as a 
C/g,s [ 2 -module. 

The Frenkel-Mukhin algorithm is introduced in Section 5 in [FMOl] to compute the g- 
characters of f/^g-modules. In Theorem 5.9 of [FMOl] . it is shown that the Frenkel-Mukhin 
algorithm works for modules which are special. 


2.5. Truncated g-characters. In this paper, we need to use the concept truncated g-characters, 
see [HLlOj . |MY 12aj . Given a set of monomials 7^ C P, let ZTZ C ZV denote the Z-module of 
formal linear combinations of elements of TZ with integer coefficients. Define 


trunc-/?. : V ^ TZ; 


m i-A 



if m G 7^, 
A m ^TZ, 


and extend trnncT^ as a Z-module map Z'P —>■ ZTZ. 
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Given a subset U C I x C^, let Qu be the subgroups of Q generated by Ai^a with (i,a) G U. 
Let be the monoid generated by Af^ with {i,a) € U. The polynomial trunc^^g- Xg(Ri+) 
is called the q-character o/L(m+) truncated to U. 

The following theorem can be used to compute some truncated g-characters. 

Theorem 2.4 ( |MY12a] , Theorem 2.1 ). Let U C I x and m+ € . Suppose that M. <ZV 

is a finite set of distinct monomials such that 

(i) ^ C 

(ii) = {m+}, 

(in) for all m G JiL and all {i, a) G U, ifmA~^ ^ ^, then mAfi^Aj^}, 0 ^ unless {j, h) = (i, a), 
(iv) for all m G ^ and all i ^ I, there exists a unique i-dominant monomial M G ^ such 
that 


trunc^.^MQ-)Xqil3iiM)) = ^ fifim'). 


Then 


trunCm^Q- Xq{'m+) = ^ rn. 


Here XqiPii^)) is the g'-character of the irreducible ?7q.(s[ 2 )-module with highest weight 
monomial fifiM) and trunc^.^j^^g-^ is the polynomial obtained from XqifiiiM)) by keeping only 

the monomials of XqiPiiAI)) in the set fifiMQfj). 


2.6. Minimal afRnizations of [/g 0 -modules. In what follows, we fix an a G and denote 
Is = Yi,aq‘’, i ^ I, s ^T,. Let A = koji + lijj 2 + muj^ + nw 4 , k, l,m,n G Z>o and V (A) the simple 
17q0-module with highest weight A. Without loss of generality, we may assume that a simple 
17q0-module L{m^) is a minimal affinization of H(A) if and only if is one of the following 
monomials: 


T 


(s) 


/n—l 


/m—1 


n,m,l,k 


L 4 ugS+4i ) I J_J_ L 3 QgS+4n+4i+2 | | | | L 2.n,nS+‘l’^+4m+2i+3 


^i=0 


IIu 

. 1=0 


^Z-1 

■j 


^k-i 

nu 


aq' 


s+4n+4m+2Z + 2i+4 I 5 


■n(s) 


Cn—l 


/'m—1 


'^n,m,l,k ~ I J ( L 3 ,jg-s-4n-4i-2 I 1 J' 2 ,ag-'’- 4 "- 4 '"- 2 i -3 I 1 r ,jq-s-4n-4m-2!-2i-4 I , 

\j=0 / \i=0 ) \i=0 / \i=0 / 

where no<i<-i = 1, s G Z, see |CP96aj . We denote Afil^s by Af^. We use (resp. 

'^kfm n) denote the irreducible finite-dimensional l/gg-module with highest /-weight ^ 

(resp. 


n-i 

nu 


/'k-l 

nu 
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3. A CLOSED SYSTEM WHICH CONTAINS A LARGE FAMILY OF MINIMAL AFFINIZATIONS OF 

TYPE F 4 

In this section, we introduce a closed system of type F 4 that contains a large family of minimal 
affinizations: 

q-i^) q~i^) q-i^) (u ^ o') 

'n,0,1,0’ '0,m,l,0’ 'n,m,0,0’ 'n,m,l,0’ 'n,0,0,k’ '0,m,0,ky'^ — 


< 2 ), FZjJk < 2 ), < 2 ). VZjMk < 2 ). 

Here k,l,m,n G Z>i, s € Z. 

3.1. Special modules. Let k,l,m,n G Z>i, s G Z. For k < 0 , let . = 1. We define 


-is) 


-is) 


-is) 


0,0,0,k 


pis) _ q-’is) h 77 

^0,0,l,k ~ ^0,0,l,k’ ^ ^ '^<2) 

pis) _ q^is) h 7 / 

^0,m,0,k — ^0,m,0,k’ ^ ^<2) 


p: 


is) _ q^is) 


0,0,0,k 


~ ^ 0 , 0 , 0 ,fc’ ^ ^ ^>3) 


pis) _ rpis + 2l+4) rp{s + 2l+8) rpis) h C W 

^0,0,l,k ~ ^0,0,0,k-2^0,0,0,k-4:^0,0,l,k’ ^>3) 

pis) _ rFis) /^(s+4m+4) t. cz "W 

^0,m,0,k ~ ^0,m,0,k^0,0,0,k-2 ’ ^ 

We use Pnmik denote the simple l/gg-module with the highest weight monomial P^mik- 


T' 


is) 


Theorem 3.1 (Theorem 3.9, |Her07] l. For l,m,n G Z>i, s G Z, the modules T^^^qq, 'noiO’ 

%%,0’ TnX,i,o 

Remark 3 . 2 . In the paper |Her07j . 0:1,02 are simple long roots and 03,04 are simple short 
roots. In this paper, 01,02 are simple short roots and 03,04 are simple long roots. 

Theorem 3 . 3 . The modules 

'7"(~2) q-is) q-is) q-is) q-is) q-is) q-is) (u ^ ol 

0,0,l,k’ 'n,0,l,0’ 0,m,l,0’ 'n,m,0,0’ ' n,m,l,0’ n,0,0,k’ ' n,m,0,k 1^ — 


(1= < 2 ). £ 2 ), (1= < 2 ). PiZu. C., 0 .^. 

where k,l,m,n G Z>i, s G Z, are special. 

We will prove Theorem 13.31 in Section [6l 

Since the modules are special in Theorem l3.1l and Theorem l3.31 we can use the Frenkel-Mukhin 
algorithm to compute the g-characters of these modules. 

3 . 2 . A closed system of type F4. 

Theorem 3 . 4 . For s G Z and k,l,m,n > 1 , we have 


-is) 


-is) 


>(«) 


)(«) 


\q-i 2) ir.y-( 2) i _ r.^( 2) i r.^( 2) 1 2) i r.y-{ 2) 1 

l'0,0,Z-l,fch'0,0,Z,fcJ ~ O0,0,i,fc-lh'0,0,i-l,fc+lj ^ l'0,0,fc+i,0h'0,0,/-l,0h 

iTpis+A) ir-T-(s) ] _ r-T-(s+4) ir-T"!^) l I \^is+4n+4)Tr;^{s) 1 

['n,m-l,0,0Jl'n,m,0,0J ~ I'n-l,m,0,0h'n+l,m-l,0,0J 1'0,m-l,0,0 h'0,n+m,0,0J ’ 


(3.1) 

(3.2) 
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rq-(s+4:) ]r<7-(.s) 1 _ \q-(^+V irTWl 1 I 1 / > 9 

L'n,0,«-2,0Jl'n,0,Z,0J ~ L'n-l,0,L0J L'n+l,0,i-2,0J l'0,0,i-2,0 Jl'O.n.LOJ’ ‘ 


\^{s+A) 1 r-T-(s) 1 _ 1 rq-(S) i r_^s-|-4j n r-T-(.s; 

L'0,m,0,0JL'0,m,l,0J ~ IL'0,m+l,0,0J I'm,0,0,0J L'0,0,l+2m,0 


'n-l,0,i,0JL'n+l,0,i-2,0 


i{s+4) 


is) 


0 ,0,i-2,0 R'0,n,«,0J 


-(s+4) 1 r^(s) 


— \TQ,rn-l,l,^^\To,m+l,l-2fi\ + ["^, 0 ,Z- 2 ,o] ["^'',o'!i+ 2 m,o] ’ ^ (^•®) 




-(s+4) 


-(*) 


{s+4) 




rq-(s+A) ifT-C*) 1 _ 1 _i_ r'7"'.*Z 1 

L'n,m—1,Z, OJ I- 'n,m,Z, OJ L ^n—l,m,Z,0J I- 'n+l,m—1,Z,0J L'0,m—1,Z,0 J L ' 0,n+m,Z,0J ’ 


i(s+4) 


<*) 


i(s+4n+4)i r-^(s) 




{s) 


-is) 


["^*irn, 0 ,fc] ~ [”^^,01+1,0,0] + ^ — 1) 2, (3.9) 


i(s+4) 


-(s) 


(s) 


-(s+4) 


[ri:o-SLi][riS,i,j = [ri!tSi,J[r„^:Vo,o,fc-i] + ^ = 1,2 


(s) 


-(s) 


= rciro',uirc:'i,o2-2,d+t=1,2, i > 2, {3.11) 


-{s) 


i(s+4) 


-{s) 


(s) 


i(s+4n+4)n 


~ ["^'',m-i,l,fc]['^^,m+l, 0 ,Zs-l] + ['^^,o'!l+ 2 m,fc] ['^, 0 ,o!zs-l] ’ ^ — 1,2, (3.12) 


-{s) 


-(s+A) 


-(s) 


<*) 


-(s+4) 


^ — 1,2, I >2, (3.13) 


-(s) 


-(s+4) 


-(*) 


<*) 


i(s+4) 




-(*) 


i(s+4) 


-{s) 


{s) 


i(s+4) 


\‘-r{s+A) ir-T-i^j 1 = IfT''®-’ 1-I- fT'-®-’ ^ _ i 9 ('■I 1 

L ^n,m—l,Z,ZsJ L ^n,m,Z,ZsJ L ^n—l,m,Z,ZsJ 1 .'n+l,m—l,Z,ZcJ 1 .'0,n+m,Z,ZcJ L ^0,m—l,Z,Zs J ’ ^ 


-(«) 


i(s+4) 


-(s) 


(s) 


i(s+4n+4)i 


r.p(s+2) ir'p(^) 1 _ [T-C^+IO) irT-C^+S) 1 r'7"(^+2)l r'p(^) 1 

L' 0,0,l,fc-lju 0,0,l,ZsJ ~ L'0,0,0,fc-4JL'0,0,0,Zs-2JL'0,0,0,ZsJU 0,0,2,Zs-lJ 


, r.^(s+12) ] r-T-lsj 1 r'pV®“''^Z 1 h > / — I 

L'0,0,0,Zs-5J^'0,0,0,fc-3J^'0,0,0,fc-lJL'0,0,0,Zs+lJL' 0,l,0,fc-2J’ — 'J) ^ 


-(s+8) 


-(s+4) 


{«) 


i(*+2) 


(3.4) 

(3.5) 


(3.7) 


(3.8) 


(3.10) 


(3.16) 


r^(s+ 2 ) ir-pi,®! 1 _ ir'P''®Z 1 I r-T-l^J ir'P''®“'"^Z 1179 '-^+'*^ 1 

u 0,0,Z,Zs-lJL' 0,0,Z,ZsJ ~ u 0,0,Z-l,fcJL' 0,0,Z+l,Zs-lJ L'0,0,0,Zs-5 JL'0,0,0,Zs+zJL' 0,li4,0,fc-2^^' 0, —,0,Zs-l5 

’ ' ’ ’(3.17) 

where k > 3, I is odd, I > 3, 


l(s) 


5 ( 5 + 2 ) 


>(s) 


-(5 + 2Z+10)i r..y-{5) 


r^(s+ 2 ) 1 — 1 I r.T-^5j 1 

U 0,0,Z,Zc-lJu 0,0,Z,ZcJ ~ U 0,0,Z-l,fcJu 0,0,Z+l,fe-lJ l'0,0,0,Zc-5 4'0,0,0,Zc+zJ U 0,l,0,Zs-2^^' 0,l,0,Zs-lJ’ 

(3.18) 


)(«) 


5(5+2) 


)(«) 


-(5+2Z+10)i r/7“(5) 
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where k > 3, I is even, I > 2, 


= [ro5!ol2][ro^:o'l][^S,o,fc-2] + [<i2,J[r/,o:ol2]> k > 3, 


(3.19) 


['^ 0 ,m, 0 ,fe- 2 ][^ 0 ,m, 0 ,fc] ~ [’^ 0 ,m-l, 0 ,fc][^ 0 ,m+l, 0 ,fe- 2 ] + [^ 0 , 0 , 2 m,fc][”^, 0 ,o!fe- 2 ]’ k > 3, m > 2, (3.20) 




;(s+4) 




(^) 


-(«+4) 


rq-{s+ 4 :) 1 r^(s) 1 _ r^(s+ 4 ) n ,^{s) 1 r.p(s) i L > O 

On,0,0,fc-2JL'n,0,0,A:J ~ L'n-l,0,0,fcJ On+1,0,0,A:-2J ^ L' 0,n,0,fcJ’ ^ o. 


(3.21) 


Theorem 13.41 will be proved in Section [71 The system in Theorem 13.41 is a closed system in 
the sense that all modules in the system can be computed recursively using Kirillov-Reshetikhin 
modules. 


Example 3 . 5 . The following are some equations in the system in Theorem \3.4\ 

[1_2][1-42_i] = [l_4l-2][2-l] + [2_32_i], 

[l_ 4 l- 2 ][l- 6 l- 42 -l] = [l_ 42 _i][l_ 6 l- 4 l- 2 ] + [ 2 _ 52 _ 32 _i], 

[l_ 6 l- 4 l- 2 ][l- 8 l- 6 l- 42 -l] = [l_ 6 l- 42 -l][l- 8 l- 6 l- 4 l- 2 ] + [ 2 _ 72 _ 52 _ 32 _i], 

[3_4][1o2_33_8] = [lo2_3][3_83_4] + [1o2_72_52_3][4_6], 

[3-83-4] [1o2_33_i 23_8 = [lo2-33-8j [3-123-83-4] + [lo2-ii2-92-72-52-3[[4-io4-g], 

[3-123-83-4] [1o2-33-i63-i 23-8] = [lo2-33-i23-8] [3-163-123-83-4] + [1 o2-i52-i32-ii2-92-72-52-3][4-i44-io4-6[, 
[4-6][1o2-34-io] = [1o2-3][4-io 4-6] + [lo2-33-8], 

[4-io4-6][1o2-34-i44-io] = [lo2-34-io][4-i44-io4-6] + [lo2-33-i23-8], 

[4-i44-io4-6[[1o2-34-i84-i44-io] = [lo2-34-i44-io][4-i84-i44-io4-6] + [lo2-33-i63-i23-8[. 


Moreover, we have the following theorem. 

Theorem 3.6. For each equation in Theorem 13.4L all summands on the right hand side are 
simple. 

Theorem 13.61 will be proved in Section [8l 

3.3. A system corresponding to the system in Theorem 13.41 Given k,l,m,n E Z>o,s E 
Z, let 

be the restriction of (resp. UqQ. It is clear that Res(rfc^jJ^_„) and Res(ffc^;J^„) 

do not depend on s. Let x(M) (resp. x(M)) be the character of a ? 7 q 0 -module M (resp. M). 
By replacing each (resp. in the system in Theorem EH with x{^n,m,i,k) (resp. 

xi™^n,m,i,k)), we obtain a system of equations consisting of the characters of t/gQ-modules. The 
following are two equations in the system. 

x(mo,o,i-i,A;)x(mo,o,z,fc) = x(mo,o,z,fc-i)x(mo,o,i-i,fc+i) + x(mo,o,fc+z,o)x(mo,o,i-i,o); 
X(mji,m-l,0,o)x(mn,m,0,o) = X(mn-l,m,0,o)x(mn+l,m-l,0,o) + X(mO,m-l,0,o)x(mO,n+m,0,o) • 
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4. Relation between the system in Theorem 13.41 and cluster algebras 

In this section, we will show that the equations in the system in Theorem 13.41 correspond to 
mutations in some cluster algebra si. Moreover, every minimal affinization in the system in 
Theorem 13.41 corresponds to a cluster variable in the cluster algebra ^. 

4.1. Definition of a clnster algebra si. Let 1 = {1,2,3,4} and 

S = {—2m I u E Z>o}, 
s' = {—2m — 1 I m E Z>o}. 


Let 


V = ({1} X 5) U ({2} X S') U ({3} X 5) U ({4} x S). 


We define Q with vertex set V as follows. The arrows of Q from the vertex (i, r) to the vertex 
(j, s) if and only if hij ^ 0 and s = r — bij + di — dj. The quiver Q is the same as the quiver G~ 
of type F 4 defined in |HL13j . 

Let t = ti U t 2 , where 


ti = {t, 


(-2) 4-4) 

0 , 0 ,i, 0 ’ ‘'0,0,0,k 


k,l ^ Z>i}, 


. _ r7<-4n+4) ^-4m) R-4n+2) ^-4m+2) 7f-2«-2) T(2fc-2) 

^2 — IR,0,0,0 ’ m,m,o,0’ R,o,o,o 5 m,m,o,o ’ m,o,i,o ’ m,o,o,fc 


fc, Z, m, n E Z>i}. 


Let si be the cluster algebra defined by the initial seed (t,(5). By Definition 12.11 ^ is the 
Q-subalgebra of the field of rational functions Q(t) generated by all the elements obtained from 
some elements of t via a finite sequence of seed mutations. 


4.2. Mutation sequences. We use “Ci”, “C 2 ”, “Cs”, “( 74 ”, “Cs”, “Co” to denote the column 
of vertices ( 1 , 0), ( 1 , 2), ..., ( 1 , —2m), • • •, the column of vertices (2, — 1 ), (2, —3), ..., (2, —2m — 1), 
•••, the column of vertices (3,0), (3,-4), ..., (3,—4 m), •••, the column of vertices (3,-2), 
(3, —6 ), ..., (3, —4m —2), • • •, the column of vertices (4, 0), (4, —4), ..., (4, —4 m), • • •, the column 
of vertices (4, —2), (4, —6 ), ..., (4, —4m — 2), • • •, respectively in Q. 

By saying that we mutate at the column Ci, i E {1, 2, 3,4, 5,6}, we mean that we mutate the 
vertices of Ci as follows. First we mutate at the first vertex in this column, then the second 
vertex, and so on until the vertex at infinity. By saying that we mutate (Qg, Cq,..., C*^), where 
ij E {1, 2, 3,4, 5,6}, j = 0,1, 2, ... , m, we mean that we first mutate the column then the 
column (7*2, and so on up to the column (7j„. 

For k,l,m,n E Z>i, we define some variables 


,(- 2 ) ^-4n-4m) ^-4n-4m+2) ^-4n-2Z-2) ^-4m-2i-2) 


4n—4m—2/—2) 


n.m.LO 


^ 4n 2/ 2k 2) o'n ^ ^m 21 2k 2) (U ^ (U c' 9^ 


^-4n-4m-2/-2fc-2) 


n,m,0,A: 


(4.1) 


~{-2l-2k-2) ~{-4m-2k-2) 'r{-4n-2k-2) 


{K ^ ZJ, Pq qi i. , Po,m, 0 ,fc ’ ■ 


n,0,0,k 


recursively as follows. The variables in t are already defined. 
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We mutate the first vertex of the first Ci in (Ci, Ci,..., Ci) from the initial seed, and define 


4 0^0 1 ~ ^^0 0^0 1’ obtain a quiver (Qii)- Therefore 

(-4) (-2) 

j.(-2) _ v(-4) _ ''0,0,0,2 ''0,0,1,0 

m,0,0,l ~ ^ 0,0,0,1 ~ (_4) 

^ 0 , 0 , 0,1 


(4.2) 


We mutate the second vertex of the first Ci in (Ci, Ci,..., Ci) and define q^q 2 = t'g q^q 2 , the 
quiver (Qn) becomes a quiver (Qi 2 )- Therefore 


J-4) ,(-4) (-2) 

+(-2) _ j./(-4) _ ''0,0,0,3''0,0,0,1 ''0,0,2,0 

m , 0 , 0,2 — ^ 0 , 0 , 0,2 — (_ 4 ) 


t, 


(4.3) 


0 , 0 , 0,2 


We continue this procedure and mutate the vertices of the first Ci in (Ci, Ci,..., Ci) and define 
^o~o%k = ^'o~o!ik (k = 3,4,...) recursively. Therefore 


(-4) (-4) (-2) 

+(-2) _ +/(-4) _ ''0,0,0,fc+l''0,0,0,fc-l ‘-0,0,k,0 u _ o A 

^r\ n r\ !■> — ^ n r\ n u — / a \ 5 


^0,0,0,Ai ~ 0,0,0,k 


t, 


(-4) 

0,0,0,fc 


(4.4) 


Now we finish the mutation of the first Ci in (Ci, Ci,..., Ci). 

We start to mutate the second Ci in (Ci, Ci,..., Ci). We mutate the first vertex of the second 
Cl in (Cl, Cl,..., Cl) and define 0 11 ~ ^ 0 0 0 i> obtain a quiver (Q 2 i)- Therefore 


(- 2 ) (- 2 ) , ,(- 2 ) 

+(- 2 ) _ +/(- 2 ) _ '' 0 , 0 , 0 , 2 '' 0 , 0 , 1,0 '' 0 , 0 , 2,0 

m,0,l,l ~ ^ 0,0,0,1 ~ (_2) 


t, 


(4.5) 


0 , 0 , 0,1 


/_o\ /_o\ 

We mutate the second vertex of the second Ci in (Ci, Ci,..., Ci) and define tg q 1 2 ~ ^ 0 0 0 2 > 
the quiver (Q 21 ) becomes a quiver (Q 22 )- Therefore 


(- 2 ) (- 2 ) , .(- 2 ) 

j.(-2) _ j./(-2) _ ''0,0,0,3''0,0,1,1 ''0,0,3,0 

m,0,l,2 — * 0,0,0,2 — (_2) 


t, 


(4.6) 


0 , 0 , 0,2 


We continue this procedure and mutate the vertices of the second Ci in (Ci, Ci,..., Ci) and 
define tg ^ = t'g q^q ^ (k = 3,4,...) recursively. Therefore 


(- 2 ) (- 2 ) (- 2 ) 
n n I 1 n 1 1 ~r 


.(-2) ./(-2) ^0,0,0,/c+1^0,0,l,/c-l ^0,0,fc+l,0 ; o 4 

^o,o,i,fc = * 0,0Ak = -(^)-> A: = 3,4,... 




(- 2 ) 

0,0,0,fc 


(4.7) 


Now we finish the mutation of the second Ci in (Ci, Ci,..., Ci). 

We start to mutate the third Ci in (Ci,Ci,... ,Ci). We mutate the first vertex of the third 
Cl in (Cl, Cl,..., Cl) and define tg q ^2 i = ^'o o^i d obtain a quiver (Qsi). Therefore 

(- 2 ) (- 2 ) , ,(- 2 ) ,(- 2 ) 
j.(-2) _ j./(-2) _ '-0,0,1,2''0,0,2,0 ''0,0,1,0''0,0,3,0 

m,0,2,l — ^ 0,0,1,1 ~ (_2) 


t, 


0 , 0 , 1,1 


(4.8) 
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/_o\ /_ qN 

We mutate the second vertex of the third Ci in (Ci, Ci,... ,Ci) and define to q 2 2 ~ ^ 0 0 1 2 > ^he 
quiver (Qsi) becomes a quiver (< 532 )- Therefore 


(- 2 ) _ ,(- 2 ) 

'' 0 , 0 , 2,2 ~ '' 0 , 0 , 1,2 


(- 2 ) (- 2 ) , ,(- 2 ) (- 2 ) 
''0,0,1,3''0,0,2,1 ''0,0,1,0''0,0,4,0 


t, 


(- 2 ) 

0 , 0 , 1,2 


(4.9) 


We continue this procedure and mutate vertices of the third Ci in (Ci, Ci,..., Ci) and define 
4 0^2 k ~ ^'0 oik (fc = 3,4,...) recursively. Therefore 


(-2) (-2) , T-2) 4-2) 

^(-2) _ ^/(-2) _ ''0,0,l,fc+l''0,0,2,fc-l ''0,0,l,0''0,0,fc+2,0 u — o A 

m,0,2,A: ~ ^ 0,0,1,A: ~ (_2) ’ ^ — 4, 4, 

^0,0,l,fc 


(4.10) 


Now we finish the mutation of the third Ci in (Ci, Ci,..., Ci). We continue this procedure 
and mutate the {d + l)-th Ci {d = 3,5,... ,1) in order. We define too^A: ~ ^ood-ifc’ where 
(0,0, d, k)={i0, 0,3,1), (0,0, 3, 2), (0, 0, 3, 3), (0, 0, 3,4),... ; (0,0,4,1), (0,’ 6,4, 2), (oi 6,4,3), 

(0,0,4,4)... ; (0,0, 5,1), (0,0, 5, 2), (0, 0, 5, 3), (0, 0, 5,4),... ; (0,0, 1, 1), (0,0, 1, 2), (0,0, 1, 3), (0,0, 1, 
4),...} recursively. Therefore 


T-2) ,(-2) , T-2) T-2) 

,(-2) _ ,/{-2) _ ''0,0,d-l,fc+l''0,0,d,fc-l W ''0,0,d-l,0''0,0,fc+d,0 

^0,0,d,k ~ ^ 0,0,d-l,k ~ (_2) 

^0,0,rf-l,fc 


(4.11) 


We write the definition of the variables in (|4.ip and the corresponding mutation sequences in 
Table [Ij 

In Table [H we use 


Cil ) Ci2 ) ■ ■ ■ ) 5 ) Ci2 ) ■ ■ ■ ) 5 ' ■ ■ ) ‘ ) 1^*11 5 


where m G Z>i, u € Z>i, to denote the mutation sequences 


Cii , Ci2 ) ■ ■ ■ ) C’iti) ) Ci2 J ■ ■ ' ) ) ■ ■ ■ ) ) Ci2 , ' ' ' , Ci^, 


where the number of Ci- {j € {1, 2, • • • , u}) is m. 
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Definition of variables in (I4.lt and mutation equations 


Mutation sequences 




- 7=^ -17=^1—7"^ 

^/(-2) ‘'0,0.1-l.fc+l 0,0,i,fc-1^ 0,0,2-1.0 0,0,fc+i,0 

*0,0,2,fc~‘ 0,0,2-l,fc~ ^(-2) 


( 1 ) 


" ^ —4ti— 4ml 4n—4m+4) yl —4m+4J 4n —4m) 

-4m)_^(-4»-4m+4) _ ‘n+l,m-l,0,0 n-l,m,0,Q '*~*Q.m-l,Q.o‘o.n+m,0,0 


( g5.C5,...,C5, ) 

(C6,c7‘ .,C6 ) 


r< —4n—4m+4) 
n,m-l,0,0 

4n —4»n+2)T{ —4n —4m+6) , jr{ —4m+6) f{ — in—4m+2) 


7 (-4n-4m+2) :3(-4n-4m+6) *n+l,m-1.0,0 *»i-l.m,0,0 "'■‘o.m-l,0,o‘o,n 

*n,m,0,0 —‘^n,m-l,0,0--(_4„_4m+6) 


(2) 


(3) 


J 4n-4) 2<-4n)- W‘4n-4) 

n n 1 n+lfi « i n 


(Cs. 04, Cs, ■ ■ ■ , C4, C5 ) 

, 2 is odd 

(C3,C6,...,C3,C6) 


(Cs.O’d) ^5; • — ^ ^’4; • — 1 ^'5)~ 

2 is odd 

(03,06,..., C3,C6,C6,---,C6) 


^_ 4 ri_ 4 ) 7;(-4n) ‘n+l,0,0,0*n-l,0,l,0''‘‘o,n,l,0 

®n,0,1,0 n,0,0,0~ j(-4n) '*' 

*n,0,0,0 

j{-4n-22-2)j<-4n-22 + 2) j<-4n-22-2)j<-22+2) 
j<-4n-22-2)_;5(—ln-22+2)_f„+i_0,2-2,0 n-1,0,2,0 ■'■*0,n,2,0 *0,0,i-2,0 /-, 

*n,0,2,0 71,0,2-2,0- ^- 4 l- 2 l+ 2 ) - 

*n,0,2-2,0 

/ , \ ^-4771-4) j{-4m) -<-4771-4) ;<-477i) 

5(-477i-4)_;7(-4m) _' 0 ,m+l,0,0‘0,771-1,l,0^‘0,0,2m+l,0‘m,0,0,0 /«•, 

‘0,m,l,0 0,771,0,0--<-477i)- 

*0,771,0,0 

-<_4to- 22-2)^-4771-22+2) j{-4m-22-2)j<-477i-22+2) 

j<-4m-22-2)_;i(-477i-22+2)_tQ „,^.l (_2^0 *0,771-1,2,0 '•‘‘o,0,2771+2,0 *771,0,2-2,0 /-•, 

*0,771,2,0 -* 0,771,2-2,0 -W-4m-2l+2)- 

*0,771.2-2,0 


^0,71 + 771,2,0 


(8) 


-W-4n-22c+2)i<-4n-2lc-2) , i<-47i-2fc-2) 

I<-47i-2fc-2) ;;(-47i-2fe+2) *„_i,o,o,fc *71+1,0,0,0 "'■*0,71,0,21; 

*71,0,0,2c —* 71,0,0,0--<-47i-2fc+2)- 


(C3,C6,C2,Cs,Ci,C5) 

(C3 ,C6 ,C2 ,C5 ,C4,C6,C2 ,C3,C6) 


(C3,C6,C2,G'3, 0’6, ■ ■ ■, g’a.TTg 

2 is odd 

(C3,C6,C2.C5,Cl,C6,C4, C5, ■ ■ ■ . C4. Cs) 


(C3,C6,C2,C5,C4,C5,C2, C4, Cs, ■ ■ ■ , Cj, Cj) 

, 2 is odd 

(C3.C,,C2,C5.C4,C5,C2,C3,C8,C3. Cg , ■ ■ ■ , C 3 , Cs) 


■l(-4m-2k-2} _p{- 


-<-47i-2fc+2) 

*71,0,0,0 

-<_4m-22c+2)H-4m-2Jc-2) ;<-47n-2Jc-2)j<-477i-22s+2) 
-477i-2te+2)_*0^nt_1^0^fc *0,m+l,0,0 "*"*0,0,2771,2^ *771,0,0,0_ 


( 9 ) 


" 1 ^ 


-2fc+2) 


A;=l,2, (10) 


(Cs,Ca,C2,C,,C4,Cs, C's, . . . , C ’5 ) 

—, 771 is odd 

(C3,C,.C2,C3,C,, C6, ■ ■ ■ . Cfi ) 

m is even 

(C3 ,C6,C2 .Cs ,C4,C5 ,C2,C3 ,C6, Ce 7 • • .7^6 ) 

2i^, mis odd 

(C3,C6.C2.C5,C4,C5,C2.C4,C5,C5, . . . , C5) 


, . f<-47i-2fc)^-47i-2fc-4) J-47i-2fc-4)^-2fc) 

p-4n-2k-4) ^(-471-225) n-l,0,l,2c 7i+l,0,0,2c-1 ^ 0,7i,l,2c 0,0,0,fc-l i. i o 7 i /ii\ 

*71,0,1,2c -* 71,0,0,2 c-1 -- - ■J-4n-2n') - -’ *-li (H) 

*71,0,0,2c-1 

i7i-22-22c+2)^-47i-22-22c-2) ^-4n-22-22c-2)^-22-22c+2) 

*7i+l,0,2-2,2c +*0,n,2,fc _ ^.2£±:I:h— , k=l,2, l>2, (12) 


’"*0,71,2,21: 


0,0,2-2,A: 


~{-im-2k)-A-4m-2k-4) ■A-im-2k-4)f(-4m-2k) 

-<_4r7i-2fc-4) ^(-4m-2fc) * 0 ,m-1,1,2c *0,m+l,0,2c-l "'■*0,0,2771+1,21: *m,0,0,21:-l 7 , 10 ,, 

*0,m,l,2c -*0,m,0,fe-l- -<-4m-2fe) -,20-1,4,2-1, <ldj 

*0,m,0,2c-l 

-<_4to-22-22c+2)j<-4771-22-22c-2) , A-4m-22-22c-2) j{-4m-22-2fc+2) 
^-4m-22-22c-2)_^(-4m-22-22c+2)_to^77i-U^fc_ *0,m+l,2-2,2c "'"*Q,0,2m+2,2c *m,0,2-2,2c _ 


‘0.m,I,2c 


0,m,2-2,2c 


fc=l,2, Z>2, (14) 


-<_4ri-4m-22c+2) j<-47i-4m-22c-2) j<-47i-4m-2fc-2)j<-4m-2fc+2) 
7(-47i-4m-22c-2)_;)(-4n-4m-2fc+2)_t„_i^TO^0^fc *7i + l,m-l,0,2c "'■*0,7i+m,0,2c *0,m-l,0,21; 

*7i,m,0,2c -* 71,711-1, 0,fc-j<-47i-4m-2fc+2)- 


, fe = l,2, (15) 


(C3,C6,C'2,C'3, C'sr ■ ■ ■, C'3, C’e.C'e,..., C’e) 


{C3.C6.C2,C5,C4.C5,C'4, C5,. . . , 04, Os,Os, . . . , C5) 


(C3,C6,C2.C5,C4,C5.C2.C4,C5,C4, C5 ,..., C4, Cs.Cs,..., Cs) 


(C3,C6,C2,C5,C4,C5,C2,C3,C6,C'3, Ce,..., C3,06,00,... 5 Oe) 


j{-4n-4m-2t-2k-2)j{-4n-4m-2l-2k+2) ji-4n-4m-2l-2k-2)f{-4m-2t-2k+2) 
; 1. *«i I k "'"*0,n+m,2,2c*Q,m-l ' *• 


-, fc=l, 2 , (16) 


-———--<-y2c+ti) ^-‘2k+2} ^-‘2k-‘2)J-2k-i} .d-‘2k+^) 2<-^fc+4J A-‘2k) -+-'i2c-4) J-^2c-'i) 

~<-2fc-4) '5(“22 c-2) ‘o,0,0,2c-4 0,0,0,2c-2 0,0,0,2c ^0,0,2,2c-1^ 0,0.0,2c-5 0,0,0,2c-3 0,0,0,2c-1 0,0,0,2c+1*^0,1,0,21;-S 

P0,0,l,2c -P 0,0,l,fc-l-- ^-2k-2) - 

^0,0,1,2c ■ 


(C3,C6,C2,C5.C4.C5,C2, 

C3, Ce,C2, Ci, Cs, Cl. ■ ■ ■ . C3, Cs. C2, C4, Cs, C2) 


-(-22c-22)-1-22c-22-2) ,i<-22c+8) H-22c-22-2)-1-22c-22) -1-22c-22 + 2) 

P0,0.2-l,2c P0,0,2+l,2c-l "'"*0,0,0,2c-5*V0,2c+I \ 2^^.0,2c-l 

”- J-2k-2l) - ^^^^ 

Po,0,2,2c-l 

-<-2Ai-22)~(-221:-22-2) ^-221;+8) f{-2k-2l-2) ~{-2k-2l+2)~(-2k-2l) 
*’0,0,I-l,fc ^0,0,2+1,2c-l "'■*0,0,0,2c-5*0,0,0,21:+2 2 q 2c-2 ^0 ' 02c-l 

- s(-2k-2l) - — -’ 


fc>3, /=!, (17) 

A:>3, I is odd, />3, (18) 

l>2, (19) 


, k>3, I is 


-i{-22c+2} j<s+4) -(-i2c-6) -(-22c-6)^-22c-2)- 

~(-22c-6) ~,(-2fc-2) *0,0,0,2 c-2*0,0,0,21;^’0,2,0,2c-2"'"*’0,0,2,2c *1,0,0,2c-2 

fj,1,0,1 -P 0,l,0,t-2 = ^^^-- 4-^-2) --. ‘as. ”=1. PO) 

*’0,1,0,2c-2 

_(_4m-22c+2)-<-4m-22c-2) -(-4m-22c-2)H-4m-22c+2) 

-,<-4m-22c-2)_~(-477i-2fc+2)_Po,m_l,0,2c *’o,m+l,0,2c-2 ■'■^’o,0,2m,2c *m,0,0,2c-2 

Po,m,0,2c ~P 0,m,0,fe-2--V-4m-2fc+2) 

Pq m 0 2c — 2 
^-4n-2k+2)j{-4n-2k-2).~(-4n-2k-2) 

7<-471-22c-2) 7;(-471-22c+2) *n-1.0.0.2c *7i+1.0.0.2c-2 "'"^O.Ti.O.ic 7 - « 

*71,0,0,21: -* 71,0,0,2c-2 “- -i<-2fc-2n+2)- -,K^d. (22) 


{Ca,Ce,C 2 ,Cs,Ci,Cs, 

Ca, C3. Cs. Ca. C4, Cs, ■ ■ ■ , Ca, C3, Cs. Ca, C4. Cs) 


(Ca ,C6,C2 .Cs ,C4,C5 .C2 .Ca.Ca. 

Ca, Ci. Cs, Ca, C3, Cs, ■ ■ ■ . Ca, C4. Cs, Ca, C3. Cs) 


fc>3, m>2, (21) 


Table 1. Mutation sequences. 


4.3. The equations in the system of type F 4 correspond to mutations in the cluster 
algebra £/. Equation (1) corresponds to Equation (13.11) in Theorem 13.41 Equations (2) and 
(3) correspond to Equation (j3.2n in Theorem 13.41 Equations (4)-(22) correspond to Equations 
()3.3p - (j3.2ip in Theorem 13.41 respectively. Therefore we have the following theorem. 
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Theorem 4.1. Each minimal affinizations in Theorem \3.4\ corresponds to a cluster variable in 
£/ defined in Section [JTJ 

5. The dual system of Theorem 13.41 
In this section, we study the dual system of Theorem 13.41 
Theorem 5.1 (Theorem 3.9, [Her07] i. For l,m,n G Z>i, s € Z, the modules 


T 

f n 


(*) 


/ n anti-special. 


0,m,Z,0^ 'ri.,m,Z,0 

We have the following theorem. 

Theorem 5.2. The modules 

-?■(■*) q-i^) - t "!*) q~i^) (h < 

T,0,«,A:> 'n,0,«,0’ 'n,m,0,0> 'n,m,l,0’ 'n,0,0,fc’ 'n,m,0,ky'^ — 

< 2). < 2). r„w< 2), 

where k,l,m,n G Z>i, s G Z, ore anti-special. 

Proof. The proof of the theorem follows from dual arguments in the proof of Theorem 13.31 □ 

Lemma 5.3. Let l : TIP —)> TV be a homomorphism of rings such that Ti^ag'* 


^ 2 ,aq‘‘ ’ ^ 4 :,aq‘^ fl G C , S G Z. Then 

Proof. The proof is similar to Lemma 7.3 in |LM13] . 

Theorem 5.4. For s (zT, k,l,m,n & Z>o, we have the following system of equations. 

l'0,0,I-l,fch'0,0,I,fcJ ~ D0,0,i,fc-lh'0,0,«-l,fc+lJ ^ D0,0,fc+i,0h'0,0,/-l,0h 

iq-{s+4:) ir-T-l'*) 1 _ ir-T"!^) 1 I r'7"(^+4’^+'^)i r-T"!^) i 

Dn,m-l,0,0Jl'n,m,0,0J ~ I'n-l,m,0,0h'n+l,m-l,0,0J D 0,m-l,0,0 h'0,n+m,0,0J ’ 

Tq-{s-\-4:) 1 r. 7 -{s) 1 _ \q-{s+A) T r/T-(s) 1 I ] 

l'n,0,0,0Jl'n,0,l,0J ~ 1'n-l,0,l,0J 1'n+l,0,0,0J l'0,n,l,0J’ 


-1 


— 1 


□ 

(5.1) 

(5.2) 

(5.3) 


\q-\.s+A) irT-isj 1 _ rT-(s+4j l ] , \q-\s+An+AUr^{s) n 7^9 

L'n,0,i-2,0JI.'n,0,Z,0J ~ L'n-1.0,Z,0J L'n+1.0,Z-2,0J L'0.0,Z-2,0 hT.n.Z.oJ’ ‘ 


'n-l,0,Z,0JL'n+l,0,Z-2,0 


0,0,1-2,0 JL'0,n,l,0J 


r.j-(s-t-4) 7 r/T-(s) 1 _ r.^(s+4) 7 r.T-(s) i , r.^(s+4) 7 r.T-(s) i 

l' 0 ,m, 0 , 0 Jl' 0 ,m,l, 0 J ~ DO,m-l,l,oJ L' 0 ,m+l, 0 , 0 J 1 V, 0 , 0 , 0 J L' 0 , 0 ,l+ 2 m, 0 J > 

[n-P+P ] [n~('^) 1 _ r' 7 -(®+ 4 ) ] ['r(^) 1 1 r-ri'^+P 1 [n~('^) 1 / > 9 

LT,m,Z-2,0hT,m,Z,0J ~ D0,m-l,Z,0h'0,m+l,Z-2,oJ Dm,0,Z-2,0h T,0,Z+2m,0h '' — ^ 


r.7-(s+4) irT-ls; 1 _ 1 ['r'-®'’ l , 7 

D n,m—l,Z,0h'n,m,Z,oJ D n—l,m,Z,oh'n+l,m— l,Z,oJ ' Po,m— 1,1,0 JD0,n+m,Z,0h 


-(s) 


-(^+4) 


P) 


-(s+4n+4)7 r^-ls) 


[rXinrJ:o]o,kl = 0,0,0] + [ro?,o,J> ^ = 1,2, 


(5.4) 

(5.5) 

(5.6) 

(5.7) 

(5.8) 
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1,0,A:n”^,m+l,0,o] 0,2m,0,0,0] ’ ^ (5.9) 


-{s+4) 1 r.T-(s) 


(■*) 1 


!-Y(s+A) 1 ,^{s) n _ t^{s+A) n ,^(s) i ,^{s) i , _ , g 

On,0,0,fc-lH'n,0,l,A:J ~ L'n-l,0,l,A:J On+l,0,0,fc-lJ ^ L'0,n,l,fcJ’ 


(5.10) 


["^,m,0,A:—1] ["^,m,l,A:] 1,1,A:] [”^,m+l,0,fe—ll [”^,0,l+2m,A:] [”^m,0,0,fe—ll ’ ^ 1)2, (5.11) 


-(s+4) 1 r.T-(s) 


= [rilt5;,z,J['7;Ti,o,.-2,J + [ro?,z,.][roS5?^]> fc = i, 2 , ; > 2 , ( 5 . 12 ) 

[”^*im,Z-2,fc]['^^,i,fc] = ['^*',m-l,i,fc]["^^+l,I-2,fc] + ['^*',o!z+2m,fc]['^,0,i-2,A:]’ ^ = 1)2, I >2, (5.13) 


[^,m—l,0,fc] [^,m,0,fc] l,m,0,fc] ["^+l,m—l,0,fc] ["^,n+m,0,fc] ["^,m—l,0,fc] ’ ^ 1)2, (5.14) 


-(«+4) ] rT-(s) 


[7;‘:Sj,d(7;',lj,d = k = 1.2. (5.15) 


r.p(s+2) 1 _ (T-C^+IO) 1 (T-Cs+S) 1 r'7"(^+2)] 1 

L''^0,0,l,fc-lJP 0,0,l,fcj ~ O0,0,0,fc-4JO0,0,0,fc-2JL'0,0,0,fcJP 0,0,2,fc-lJ 


4- ir-T-C^+s) ]r'7-(®+4) ir7-(*) ir'p(®+2) i l > q 

L'0,0,0,fc-5JO0,0,0,fc-3JO0,0,0,fc-lJL'0,0,0,fc+lJL' 0,l,0,fc-2J’ — "J) 


(5.16) 


r.p(s+2) ir-pC*) 1 _ r'p(^+2) ir'p(*) l _ 1 _ r' 7 -(^+ 2 i+ 10 )ir.^(s) ir.p(s+2) iriD(^+4) 1 

L' 0 , 0 ,Z,fc-lJL' 0 , 0 ,Z,ZcJ ~ P 0 , 0 ,Z-l,fcJL' 0 , 0 ,Z+l,Zc-lJ ■<“ L'0,0,0,Zc-5 JL' 0 , 0 , 0 ,Zc+zJL' 0,li4,0,fc-2^^' 0 , —, 0 ,Zc-l^’ 

’ ' ’ ’(5.17) 

where k > 3, I is odd, I > 3, 

r.p(s+2) ICTjCll) 1 _ \'pi^+2) 1 I r'7-(*+2^+10)i r.^(s) irT)(^+4) ir'D('^+^) 1 

P 0,0,Z,Zc-lJP 0,0,Z,ZcJ ~ p 0,0,z-l,fcjp 0,0,Z+l,fc-lJ l'0,0,0,Zc-5 J O 0,0,0,Zc+zJ P o,-,0,Zc-2^ 0,-,0,Zc-lJ’ 


(5.18) 


where k > 3, I is even, I > 2, 


[lPaiAl-2l[<;,o,J = [7 'o',S121T„‘'omIPS,o,i.- 21 + |lPo‘o,2,JTi‘7ol2l. >= > 3. (5.19) 


^ [^0,m-lo,2-][^0,m+l,0,l-2] + [^O.d,2m,fe] [lni,0,o!l-2]. > 3, m > 2, (5.20) 


>(.5+4) ir'T:)(.*) 


tq-is+A) 1 2 _ Tj^{s+A) 2 v^{s) 2 r.p(s) 2 L > O 

L'n,0,0,Zs-2JOn,0,0,fcJ ~ On-l,0,0,fcJ L'n+l,0,0,Zs-2J ^ P 0,n,0,ZsJ’ ^ o. 


(5.21) 


Moreover, every module in the summands on the right hand side of above equation is simple. 
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Proof. The lowest weight monomial of i jf) is obtained from the highest weight monomial 

of Xq{T!f)n,i,k) by fbe substitutions: i-A irsVs! 2^ 3^ i-A 4 i-A After we 

apply i to Xq{T~n^m i k)^ ^^6 lowest weight monomial of XqO'n^ik) becomes the highest weight 
monomial of i-{XqO'n^ i fc))- Therefore the highest weight monomial of i-iXqiT'n^m i fc)) obtained 
from the lowest weight monomial of XqiT^^^ik) by the substitutions: 1* i-A 2^ i-A 2^g'_^, 

3s I—)• 3^g’_^, 4s i-A 4^g’_^. It follows that the highest weight monomial of I'iXqi'T'^^^ i k)) 

obtained from the highest weight monomial of XqiT^^mik) by the substitutions: Is i-)- l_s, 
2s 2_s, 3s !->■ 3_s, 4s !->■ 4_s. Therefore the dual system is obtained applying t to both sides 
of every equation of the system in Theorem 13.41 

The simplify of every module in the summands on the right hand side of every equation follows 
from Theorem 13.61 and Lemma 15.31 □ 

Example 5.5. The following are some equations in the system in Theorem \5.4[ 

[l2][l42l] = [l4l2][2l] + [232i], 

[I4l2][l6l42l] = [I42i][l6l4l2] + [25232l], 

[I6l4l2][l8l6l42l] = [I6l42l][l8l6l4l2] + [2725232i], 

[34][1o2338] = [1o23][3438] + [1o232527][46], 

[3438][1o23383i2 = [1o2338][34383i2] + [1o232527292ii][464io], 

[34383i2][1o23383i23i6] = [1o23383i2][34383i23i6] + [1o232527292ii2i32i5][464io4i4], 
[46][1o234io] = [1o23][464io] + [lo2338], 

[464:1o][1o234:1o4:14] = [1o234:1o] [4:04:104:14] + [1o23383i2], 

[464io4i4][1o234io4i44i 8] = [lo234io4i4] [464io4i44i8] + [1 o23383i23i6]. 

5.1. The system in Theorem 15. 41 By replacing each [T^^^ik] (resp. [Tn^mikl) ™ fbe system 
of Theorem 15.41 with x{'^n,m,i,k) (resp. xi™^n,m,i,k)), we obtain a system of equations consisting 
of the characters of t/qg-modules. The following are two equations in the system. 

x(nTo,o,z-i,fc)x(iTio,o,i,A:) = x(Tno,o,z,fc-i)x(tno,o,i-i,fc+i) + x{''^o,o,k+i,o)x{'^o,o,i-i,o), 

X(^n,m— 1 , 0 ,o)x(^n,m, 0 ,o) ~ X(^n—l,m, 0 ,o)X('^n+l,m—l, 0 ,o) T X(^ 0 ,m—l, 0 ,o)x(^ 0 ,n+m, 0 ,o)• 

5.2. Relation between the system in Theorem 15.41 and cluster algebras. Let / = {1,2, 
3,4} and 


S = {2u I u G Z>o}, 

S' = {2u + 1 I u G Z>o}. 

Let 

V = ({1} X 5) U ({2} X 5') U ({3} X 5) U ({4} x 5). 

A quiver Q with vertex set V will be dehned as follows. The arrows of Q are given by the 
following rule: there is an arrow from the vertex (i, r) to the vertex (j, s) if and only if bij 0 
and s = r — j + dj — dj. 
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Let t = ti U t 2 , where 

and 


t2 = {t 


(—4n+4) 

n, 0 , 0,0 ’ 


tl — ^,0,0,fc \ k,l ^ Z>l} 

(-4m) (-4n+2) (-4m+2) .(-21-2) ,{2k-2) 

^0,m,0,0’ ^n,0,0,0 ’ ^0,m,0,0 > ^0,0,Z,0 ’ ^0,0,0,fe 


k, l,m,n & Z>i}- 


Let £/ be the cluster algebra defined by the initial seed {t,Q). By similar arguments in 
Section m we have the following theorem. 

Theorem 5.6. Every equation in the system in Theorem \5.4\ corresponds to a mutation equation 
in the cluster algebra . Every minimal affinization in the system in Theorem \5.4\ corresponds 
to a cluster variable of the cluster algebra . 

6 . Proof of theorem 13.31 

In this section, we prove Theorem 13.31 Namely, we will prove that for s G Z, /c, Z, m, n € Z>i, 
the modules 


' 7 "(~ 2 ) q-is) 
' nni kr ' n. 


q~(^) q~(^) q~(^) (t. ^ oN 

'n,0,1,0’ 0,m,l,0’ ' n,m,0,0’ 'n,m,l,0’ 'n,0,0,k’ n,m,0,k 

('= £ 2), tlth S 2). (k < 2), pW„, 

are special. Since the modules 


' 0,0,1,fc’ 

-(s) 


-is) 


-is) 


-is) 


q-is) q-is) q-is) q-is) q-is) q-is) q-is) q-is) 
'0,0,0,k’ '0,0,t0’ '0,m,0,0’ ' m,0,0,0’ '0,0,0,fc’ '0,0,/,0’ ' 0,m,0,0’ 'n,0,0,0> 


( 6 . 1 ) 


are Kirillov-Reshetikhin modules, they are special. By Theorem l3.ll the modules o O’ '^noi O’ 
'^o’mio’ '^nraio Special. In the following, we will prove that the other modules in (16.11) are 
special. Without loss of generality, we may assume that s = 0 in ‘T^^\ where T is a module in 

dEH). 


6.1. The cases of / fe? ^o^oi fc’ -^o m o k' Since the proof of each case is similar 

to each other, we give a detailed proof of the case of k follows. 

Let m+ = g ^ with n,k ^ Z>i. Then 

”1+ = (4o 44 • • ■ 44„_4)(l4„+4l4„+6 • • • l4n-|-2A:+2)- 
Suppose that n = 1. Let 

U = I X {aq^ : s € h, s < 2k + 6}. 

Since all monomials in ^{xq{m^) — Xg(m+)) are right-negative, it is sufficient to 

show that trunc^_^Q- Xg(m+) is special. 

Let 


^ = {mo = m+,mi = 7710^42, m2 = miA 3 _ 4 ,m 3 = m2242,6J™4 = " 13 ^ 2 , 4 , = m5T4j}. 

It is easy to see that satisfies the conditions in Theorem 12.41 Therefore 

t™nc^+Q- Xqim+)= m 
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and hence trunc^^g- Xq{^+) is special. 

Suppose that n > 2. In the following, we write = m'im '2 = for some monomi¬ 

als m'i,m' 2 ,rn'{,m 2 - We will show that the only dominant monomial in ^^ 
is which implies that L(m+) is special. 

Let m_|_ = m'im' 2 , where 

ILll — 4 o 44 • • • 44j^_g, m.2 = 44^_4l4^_|_4l4^_|_g • • • \^Yi+2k+2- 


We have shown that ^(m^) is special. Therefore the Frenkel-Mukhin algorithm works for 
L{m 2 ). We will use the Frenkel-Mukhin algorithm to compute Xq{L{m'^)), Xq{L{m' 2 )) and classify 
all dominant monomials in Xq{L{m'^))xqiL(m 2 ))- Let m = mim 2 be a dominant monomial, 
where mi G ^(L(m'J), i = 1,2. 

Suppose that m 2 ^ m 2 . If m 2 is right-negative, then m is a right negative monomial and 
therefore m is not dominant, this is a contradiction. Hence m 2 is not right-negative. Through 
the above discussion, m 2 is one of the following monomials 

?71l = 1112^4 4^_2 ~ 4^^ 84 ^,—2l4n-|-4l4n-|-6 ' ' ' l4n-|-2fc-|-2) 
m2 — ^1^3, 4 n — 34 fi-|- 2 ^ 4 n—1 24 n-|-l l 4 n-|- 4 l 4 n -|-6 ' ' ' l 4 n-|- 2 A:-|- 2 ) 

777,3 — ^2^2,4n-|-2 — 24 fi,_i 2 ^^_|_ 2 l 4 ^_|_ 2 l 4 n+ 4 l 4 n -|-6 ' ' ' l4n-|-2fc-|-2j 

7774 — ^2^2,4n — 34 n 24 jj_j_]^ 2 ^^_|_ 2 l 4 jjl 4 jj_|_ 2 l 4 n-|- 4 l 4 n -|-6 ' ' ' l4n-|-2fc-|-2j 

7775 — ^4^3^4}^-|_2 — 44^_|_23^yj_j_^l4n,l4n,-|-2l4n-|-4l4n-|-6 ' ' ' l4n-|-2A:-|-2) 

777g — 1R4^4^4}^-|_4 — 4^j^^gl4^l4^_|_2l4n+4l4n-|-6 ' ' ' l4n-|-2A:-|-2' 


We nextly discuss m 2 as follows: 

Case 1. The factor 44 „ can only come from the monomials in Xq( 44 „_ 8 ), the monomials in 
Xq( 44 „_ 8 ) which contain a factor 44 „ are 


^4n-|-24'4n-244n, 24„_|_i24„_|_334^_|_234jj_|_444„, l4n-|-424n-|-l24„_|_534^_|_244„, I4„_|_4l4„_|_g44„, 


l4n-|-2 l4n-|-4 24„_,_3 24^_|_5 44„, l 4 ^_|_g 24^+134^_,_2 44„, l4n-|-2 14 , 1+6 24 ^+ 344 ^ ’ 


1-1 


1-1 


-1 


1-1 


1-1 


( 6 . 2 ) 


The negative factors in (16.2p can not be canceled by monomials in Xg( 44 „_i 2 ). However, the 
negative factor I 4 j^+ 4 l 4 ,j^+g 44 „ can be canceled by fhi. Therefore m 2 = 7774 in the situation. 

Case 2. The factor 84^+2 can only come from the monomials in Xqi^^n-s): the monomials 
in Xq( 44 ,i_ 8 ) which contain a factor 84 , 1+2 are 


l4n-|-2l4n-|-424„^+324^^_,_534„+244^^_,_4, l4n-|-2l4,iV6^4n-|-3^4n-|-244„^+4, l4„^+4l4„^+634n-|-244„^+4. (6.3) 


1-1 


1-1 0-1 


-1 


1-1 1-1 


1-1 


The negative factors in (16.31) can not be canceled by monomials in Xg( 44 n-i 2 )- 
Case 3 . The factors 24,1+3,34„+4,44,1+6 can only come from the monomials in Xqi^in-s)^ the 
monomials in Xqi^in-s) which contain factors 24 ^+ 3 , 84 ^+ 4 , 44 , 1+6 are 

l4n—424n-|-334„+4, l4^_224„_324„+334^_l_4, 24^_424„+334„_234^_l_4, 


24n-|-l 24n-|-3 34„+2 34„+444„, 24 „+ 124 „+ 334 ^_|_ 444 ^_|_ 4 , 


1 


— 1 r\ 9~1 

4n+4^4n+3^4n+7’ 


(6.4) 


l4n-|-4 l4n-|-6 24n-|-3 24n-|-5 34„+g, 


7-1 z 

J4n-|-8 - 


4n-|-6) 


^411^5 ^4nV734n-|-4 • 


The negative factors in (16.4p can not be canceled by monomials in Xg( 44 n-i 2 )- 
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Since 


' 44n—s) ^ X(j(4o44 ■ ■ ■ 44^_i2)X(j(44n—s) ^ Xg(4o44 ’ ’ ’ 44n—16)X(j(44n—12)Xg(44n—s); 


and m = mim 2 is dominant, m 2 = m 2 or m-i. 

Suppose that m 2 = fhi. By the above discussion, m is in 

Xqi^O^i ■■■ 44n -12)34n-2l4n+8 ■ • ■ l4n+2fc+2- (6.5) 

Suppose that m 2 = m 2 . If mi ^ then mi is right negative. Since m is dominant, 
each factor with a negative power in mi needs to be canceled by a factor in m^. We have 
./^{L{m'i)) C .^(Xg(4o44 • • • 44 „_i2 )) Xg(.^(44n-8))- Only monomials in Xg(4.(44„_8)) can cancel 
44„_4, l4n+4, l4n+6- Therefore mi is one of the sets 

iXqi^0^4 ' ' ' 44n—12))34n,—644^_4, 

(X(j(4o 44 ■ ■ ■ 44^_i2))l4„_|_4l4„_|_g44^, 

‘^(X<j(4o 44 • • • 44^_i2))l4„_|_4l4^_|_g34^_|-244n_|_4, 

{Xqi‘^0^4 • • • 44n,-12))l4n+4l4n+6^4n+324n+534„_l_g, 

^(Xq{^0^4 ■ ■ ■ 44n—12))l4^4_424n+324„_l_7, 

(X(j(4o 44 • • • 44^_i2))l4n— 414 ^, 4 - 6 ’ 

‘^{Xqi%^4 • • • 44n,-12))l4n-2^4n+6^4n-3) 

‘^{Xqi^0^4 ■ ■ ■ 44n,—12))l4,i4_g 24n-l34n-2, 

{Xqi‘^0^4 ■ ■ ■ 44n,—12))l4,i4_g24n+l34^_l_244n, 
iXqi‘^0'^4 ■ ■ ■ 44n—12))l4n+2l4n,+6^4n+3^4n) 

^{Xqi‘^0^4 • • • 44n-12))l4n+6^4n+l44„_l_4, 

•^(Xij(4o 44 • • • 44,i_i2))l4n+2l4n+622n+3^4n+244„_l_4, 
iXqi‘^0^4 ■ ■ ■ 44n—12))l4n+2l4n,+6^4n+534„_l_g. 

By (16.4p . we know that mi ^ .^(X(}(4o44 • • • 44„_i2))lJ„^4_g24^^_434n-2. The factors which 
contain 14^-2 in Xg(4n — 12) are 

I4n-2l4n24„_l24^_l_444„_4, l4n-2l4n24„_i24^_|_434n-244„ , l4n-2l4n4_224,^_i44n-4) 
l4n-2l4,i+224„_i34n-244„ , l4n-2l4n34„_,_2, l4n-2 14 , 1 + 2 24n+l34„_,_2, l4n-224„+3. 

The negative factors in (16.61) can not be canceled by monomials in Xg(44n-i6)- 
Since Xg(4o44 • • • 44„_i2) C X(?(4o44 • • • 44„_ig)xg(4n - 12) and l4n+4, l4n,+6, 24^+7 ^ Xg(4n - 
12). Therefore mi is in one of the sets 

iXq{^0^4 ■ ■ ■ 44n—12))34n—644„_4, 
iXq{^0^4 ■ ■ ■ 44n—12))l4n—414,1+0. 

Therefore m is in one of the sets 


( 6 . 6 ) 


(X5(4o 44 ■ ■ ■ 44„ -12))34n-6l4n+4l4n+6 ‘ ‘ ‘ l4n+2fc+2, (6.7) 

(X5(4o 44 ■ ■ ■ 44n, -12))l4n-444n-4l4n+4l4n+8 ‘ ‘ ‘ l4n+2fc+2. (6.8) 
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Let m_|_ = m'(m 2 , where 

m" = 4 o44 ■ ■ ■ 44„_4, 1712 = l4n+4l4n+6 ' ' ' l4n+2fc+2- 

If m is the expressions of (|6.5I1 (16.7p . (16.81) . we know that m ^ {Xq{^i)Xq{^ 2 )) by the 

Frenkel-Mukhin algorithm. 

Therefore the only dominant monomial in ^{Xqi'iTT-i)Xq{'^ 2 )) ^ {Xqi'^^'DXqi'^^'i)) i® "^+- 

Hence the only dominant monomial in yg(m+) is m+. 

6.2. The case of Q {k < 2), i (fe < 2), and i {k < 2). Since the proof of each 
case is similar to each other, we give a detailed proof of the case of g ^ (fe < 2) as follows. 
Let m+ = g ^ with n,m,k £ Z>i and k <2. Then 


IL1+ — (4:o 4:4 ' ' ' 4:4n—4)(34n+234n+6 ' ' ' 34n+4m—2)(l4n+4m+4 ' ' ' l4n+4m+2A:+2)' 

Let 

Rll — (4 :o 4:4 ■ ■ ■ 4:4n—4)(34n,+234n+6 ' ' ' 34n+4m—2); RI2 ~ (l4n+4m+4 ' ' ' l4n+4m+2A:+2)) 

IR-l — (4 :o44 ■ ■ ■ 44 ^— 4 ), 1712 — (34n+234n+6 ' ' ' 34n+4m—2)(l4n+4m+4 ' ' ' l4n+4m+2fc+2)- 

Then .^(L(m+)) C ^{xq{m[)xq{m' 2 )) n ^{xq{rn'()xq{rn'^))- 

By using similar arguments as in Subsection l6.ll we can show that the only possible dominant 
monomial in Xqi''^i)Xqi'>^ 2 ) bl Xq{'^i)Xq{'<^ 2 ) ^+- Hence the only dominant monomial in 

Xq{m+) is m+. 

6.3. The case of 7 ^^*^; ^{k < 2 ). Let 771+ = ^ ^ with n, m,l,k ^ Z>i and k < 2 . Then 


ILI+ —(4:o4:4 ■ ■ ■ 44jj— 4)(34n+234n+6 ' ' ' 34n+4m—2)(24n+4m+324n+4m+5 ‘ ' ' ‘^4n+‘im+2l+l'} 
(f4n+4m+2i+4l4n+4m+2Z+l+6 ' ' ' f4n+4m+2i+2A:+2) ■ 


Let 


Till — (4o44 • • • 44 ^— 4 )( 84 ^^ 42 34n+6 ' ' ' 34ri+4m—2)(24n+4m+324n+4m+5 ' ' ' 24n+4m+2/+l)5 
77^2 ~ (l4n+4m+2Z+4l4Ti+4m+2/+l+6 ‘ ' ' l4Ti+4m+2/+2A:+2)5 
— (4o44 • • • 44 ^— 4 ), 

777.2 ~ {^47i+2^4n+6 ' ' ' (l4n+4m—2) (24n+4m+324n+4m+5 ‘ ' ' 247i44m-}-2/+l)(l4n+4m+2/+4l4Ti+4m+2/+l+6 ' ' ' t4n+4m+2/+2A:+2)• 

Then ./#(L(m+)) C ^{Xq{rn[)Xq{rn2)) n ^{xq{rn'l)xq{rn2)). 

By using similar arguments as in Subsection l 6 .ll we can show that the only possible dominant 
monomial in Xq(m.4)Xq(m2) Xqi'^'DXqi'^'i) rrij^. Hence the only dominant monomial in 
Xq{m+) is m+. 


7. Proof of Theorem [3^ 
In this section, we prove Theorem 13.41 
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7.1. Classification of dominant monomials in the summands on both sides of the 
system. In Section [ 6 l we have shown that for s € Z,/c,/, m, n € Z>i, the modules in Theorem 
13.31 are special. Now we use the Frenkel-Mukhin algorithm to classify dominant monomials in 
the summands on both sides of the system in Theorem 13.41 

Lemma 7.1. The dominant monomials in each summand on the left and right hand sides of 
every equation in the system of Theorem \3.4\ are given in Table U and 0 

Proof. We will prove the case of (|3.15l) . the other cases are similar. 

Let m'l = i j., ih -2 = '^nm i k- Without loss of generality, we may assume that s = 0. 

Then 


—(^4 ■ ■ ■ 44^)(34}^+g34fi-|_io ■ ■ ■ 34}^+4m,— 2 )(24n+4m+324n+4m+5 ' ' ' ‘^4n+4m+2l+l') 
i^4n+4m+2l+4^4n+4m+2l+() ' ' ' l4n+4m+2/+2fc+2)) 

^2 ~i^0‘^4 ■ ■ ■ 44 ^— 4 )(34n+234n+6 ' ' ' 34n+4m— 2 )(24n+4m+324n+4m+5 ‘ ' ' 24n+4m+2Z+l) 
(l4n+4m+2i+4l4n+4m+2i+6 ' ' ' l4n+4m+2Z+2fc+2)' 

Let m = 77117712 be a dominant monomial, where nii € Xq{'^'i)p = 1)2. We denote 


^3 —(34n+634n+10 ' ' ' 34n+4m— 2 )(24n+4m+324n+4m+5 ‘ ' ' 24n+4m+2i+l) 

(l4n+4m+2/+4l4n+4m+2i+6 ' ' ‘ l4n+4m+2/+2fc+2)) 

7774 —(34n+234n+6 ' ' ' 34n+4m— 2 ) (24n+4m+324n+4m+5 ' ' ' 24n+4m+2i+l) 

(l4n+4m+2/+4l4n+4m+2i+6 ' ' ‘ l4n+4m+2/+2fc+2)' 

Suppose that ?t7i G Xq (44 ■ ■ ■ 44 „)(xq( 7773 )—7773), then 777 = 77717772 is right negative and hence 777 
is not dominant. Therefor ?77i € Xg(44 ■ ■ ■ 44 ^) 7773 . Similarly, if m 2 G Xg(4o44 • • ■ 44„_4)(xg(7774) — 
7774), then 777 = 77717772 is right negative and hence m is not dominant. This contradicts our 
assumption. Therefore m 2 G Xg(4o44 • • • 44 ^- 4 ) 7774 . 

Suppose that 7771 G .J^{L{m[)) r\ .J^{Xqi ^4 ' " ^ 4 n- 4 )iXqi‘^ 4 n) — 44n)7773). By the Frenkel- 
Mukhin algorithm for L{mf)., mi must have the factor ‘Tfn+4- I’F Frenkel-Mukhin 

algorithm and the fact that m2 G Xg(4o44 • • ■ 44„_4)7774, m2 does not have the factor 44^+4. 
Therefore 77717772 is not dominant. Hence 7771 G Xg(44 • • • 44„_4)44„7773. It follows that mi = 777'^. 

By the Frenkel-Mukhin algorithm and the fact that m 2 G Xq( 4 o 44 • • • 44 ^- 4 ) 7774 , m 2 must be 
one of the following monomials, 

77l = ^2^4,4n—2 ~ 4o44 • • • 44,2—84^^^ 34^—2^4; 

V2 = ^ 2 ^ 4 , 4 n— 2 ^ 4 , 4 n —6 ~ 4o44 • • • 44^—124^^_^4^^ 34^^—g34jj—2^4 j 

Vn = ^2^4,4n-2^4,4n-6 ' ' ' ^4,2 ~ ^4 " ' 44n-4^4n ^2 ' ' ' 34n-634n-2™'4- 

It follows that the dominant monomials in Xg(^i^m-\ l k)^<i0^n}nl k) 
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Equations 

Summands in the equations 

M 

Dominant monomials 

(EH 



Mr = MYli=o 

0<r<’A; 

(EU 


-'o,0,£,fc-l-‘o,0,2-l,fc+l 

0<r<fc-l 

11:1111 


~-‘O,O.A:+i.0-‘0,OJ-l.O 

M 

iTCT 


-'n,m-l,0,0-'n,m,0,0 

Mr = MY\i^Q '^4 ,iqS+4n_2-4i’ 

0<r<n 



/^_'f;(s+4) ^{s) 

•''^~-‘n-l,m,0,0-‘n+l,m-l,0,0 

Mr = MY\i=Q '4-“^^3_|_4„_2_4i , 

—l<r<n—1 

tlili 


•'^•'~-‘0,0J-2.0 -'0,n,£,0 

M 


x,(r„To’„)x,(7;':„’i,o) 

7in_^(s+4) if{s) 

n,0,0,0-'n,0,1,0 

Mr = MY\i^Q '^4 ,jqS+4n_2-4i’ 

0<r<n 

iHOI 


=^n^,0,1,0 ^il+l,0,0,0 

Mr = M nr=0^'4.“'^^|4^2 4i , 

—l<r<n—1 

11 : 1:111 

x,(r^X,.o) 


M 

(Eai 

x,(f^M%,o)x,(f^:l,j 

n,0,i-2,0-'n,0,£,0 

Mr = MY\i^Q '^4 ,iqS+4n_2-4i’ 

0<r<n 

(El 

^l(‘^-l,0,l,o)^<j('^+l,0,1-2,0^ 

jy^_^(s+4) ^{s) 

-‘n-l,0,i,0 n+l,0,/-2,0 

Mr. = M nr=0^'^^QqS+4rt-2-4i ’ 

— l<r<n—1 


x,(r„3r-".T')x,(r„T,.„) 

w rp(s+4n+4J^(sJ 

-‘O.O2-2.O -'O.TiJ.O 

M 



71^_^(s+ 4) y(s) 

0<r<m 



^_'^(®+4) ,^(s) 

Mr. = Mni=o ^3^„q5+477i-4i’ 

0<r<m—1 

H;i5ll 


•^*^—-^171,0,0,0-'0,0,l+2m,0 

M 


x,(f„[Zt-2.<>)x,(f„[tj,„) 

^_'?(s+4) /pf®) 

•'^•'~-‘0,m,i-2,0-'o,m,/,0 

0<r<Tn 

11:1 in 

X,(fJZX>.o)x,(f„[‘J,^U-2.o) 

^_ji(s+4) ^(s) 

Mr = MY\i^Q 

0<r<m—1 

1111611 


^ -‘m,0.0./-2-'0,0,i+2m.O 

M 

im 

x,(ri:Tt™,o)x,(7;‘.l,,,o) 

^_/^(®+4) /p(®) 

•^^~-'n,m-l,£,0-'n,ni,£,0 

Mr=MY\i=Q -4.^ ,jqS+4n-2-4i7 

0<r<ji 

(El 

X,(TTti,,.o)x,(7;+i,™-i,,,o) 

^_'?(®+4) ^{s) 

•'^•'~-‘n-l,m,i,0-‘n+l,7n-l,i,0 

Mr. = M]q^^Q '4“^^g_l_4„_2_4i, 

0<r<n—1 

113.711 


Tiif _/^l.s+4n4-4) 

-‘0.m-l,i,0 7-‘0,n+m.£,0 

M 

(1X3 

x,(rifoto,i))x,(7;“o,o,J 

^_'?(®+4) /^(s) 
^^''~-‘n,0,0,0-‘n,0,0,fc 

Mr = MY\i=Q -4^ ,jqS+4n-2-4i7 

0<r<n 

(133 

0,0,0) 

^_'t;(®+4) ^{ 3) 

''‘^~-‘n-l,0,0,fc-'n+l,0,0,0 

Mr. = M]q^^Q '4“^^g_l_4„_2_4i7 

0<r<n—1 

11 : 1 8t 

x,(r„T„,J 

-'o.n.O.fc 

M 

(133 

x,(r„‘‘+2o)x,(ro<i,o,J 

7in_^(®+4) .^(s) 

0,771,0,0-^0,m,0,fc 

0<r<m 

(133 

^9("^*',m-l,0,fc)^9(^*’,m+l,0,o) 

^_'7^(3+4) fpfs) 

•'^^~-'o,m-l,0,fc-'0,m+l,0,0 

Mr = MY\i^Q 

0<r<m—1 

(13.911 

^<j(Xii,0,0^,o)Xq(%[o,2m.k) 

-‘m,0,0,0-'0.0,2m,fc 

M 

(I3T3 

x,(ri:„toTi)x,(T„';T,U 

M=fo+y. , 

n,0,0,fc —1 71,0,1,A: 

Mr=MY\i^Q '4^ ,iga+47i_2_4i ’ 

0<r<n 

(13.1011 

Xq(^^Jl,0,l,fc)Xq(7^4-\,0,0,fc-l) 

An_'^(®+4) ^(s) 

n-l,0,l,fc-‘n+l,0,0,fe-l 

Mr. = M]q^^Q '4“^^g_l_4„_2_4i, 
0<r<n—1 

(13.1011 

x,(7iTo"rt')x,(r„Ti,u 

A/f ^(3+4n+41,:j:;(s) 
-'^^—-'o.O.O.fc-l -‘0.n,£.fc 

M 

(13.1111 

x,(r„<:„t‘h,Ux,(r„':„hu 

^n, 0 , 1 - 2 , k-^n,0,l,k 

Mr=MY\^^Q '4^ QgS+47i_2_4i ’ 

0<r<n 

(13.1111 

Xq('7^Lt,0,i,fc)^96^+\,0,I-2,fc) 

^_'?(®+4) j^{s) 

71-1,0,hfc-‘71+1,0,/-2,fc 

Mr. = M]q^^Q '4“^^^_l_4^_2_4j 7 

0<r<n—1 

(13.1111 

x,(%%y-Z"')X',n[‘J..^,) 

» j _rp(s+4n+4)-^(s) 

•'^^~-'0,0,i-2,fc -‘O.n.i.fc 

M 

(I3T3 


^^^—■‘■0,m,0,k-l-‘-0,m,l,k 

Mr = MY\i^Q ^3,aq^+^’^-4i’ 
0<r<m 

(13.1211 


A,n_'?(®+4) ^(s) 

''‘^~-‘0,7n-l,l,fc-‘0,ni+l,0,fc-l 

0<r<m—1 

(13.1211 

>‘'}(^m.0.0^.k-l)>‘'i('^[o,l+2m.k) 

^_'?(3+4) 

“-'m.O.O.fc-l-'0,0,1+2771, fc 

M 

(I3T3 

>^Q(%\>n,l-2,k)^9('^[Ji,l,k) 

7if_y(®+4) ^(3) 

0,771,£-2,A-'0,771,/,fe 

Mr = MY\i^Q ^3,aq^+^’^-4i’ 
0<r<m 

(I3T3 


^_'?(3+4) .^(s) 

0,771-1,1.fe-'o,771+1,£-2,fe 

0<r<m—1 

11313 

>^'j('^.OJ-2.k)^l(%\o.l+2m.k) 

-''^~-‘77i.O,£-2.fc-'0,0,£+2771,fc 

M 

(I3T3 

x,(7;':3i’i,o,Ux,(r„‘,l,o,U 


Mr = MY\-^fj '4^ ,iga+47i_2_4i ’ 

0<r<n 

(13.1411 

Xq{'7^Jl,^,0,fc)Xq(7^4-\,r/x-l,0,j£) 


Mr = Mni=o '^7,aq®+4rt-2-4i ’ 
0<r<n—1 

(13 till 

X^IT^.'Tl.o.Ux.CFo'i^.o.U 

i«n T-’(S+4) rp{.s) 

^ ^ -'O.TTl-l.O.fc -'o, 71+771.0.fc 

M 

(I3T3 



Mr=Mnj=o '^4^Qga+47i-2-4i ’ 

0<r<n 

(I3T3 


fi.‘) 

71—1,771, £,fc 71+1,771—1,£, A: 

Mr=MY\.^f^ ^7,aq®+4rt_2_4i ’ 
0<r<Tl—1 

(13.1511 

Xg(7o,T„_ij.fc )X'j('7’o 

Tt/f rpKS) ^(«+4/i+4) 

-''^~-'o.n+77i.£.fc-'o.77i-l,£.A 

M 


Table 2. Classification of dominant monomials in the system in Theorem l.l.dl 
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Equations 

Summands in the equations 

M 

Dominant monomials 


^^(^0.0 C^o.o.i.fc) 

^=-^0 io!”! .i -1 ^o\o. 1 k 

Mo=MyMi=MA ^ ^^4 


)x, (ToiT., )x, )x,('Pi‘i 2 .k-i) 

/jn(S+10; Y^(S + bJ q-,[S+2l p[s) 

~-'O.O.O.ifc-4-‘O.O.O.fc-2-‘O.O.O.fe^ 0.0.2.fc-l 

M 



— + rp{S + >>) rplS + H) q-.(S) p(S + 2) 

"-‘O.O.O.fc-S-^O.O.O.fc-S 0.0,0,fe-l O.O.O.fc + l-* 0,l,0,i>i;-2 

M 

HTTTIl 


j^_S(s+2) S(s) 

Mr = MYli^t) '^2,aqS + 2!+2-2i’ 

0<r<Z 

ITTTIl 


]^_p(s+2) p{s) 

^^^~^0,0,l-l,k-^0,0,l + l,k-l 

Mr = MY\i^Q ^qS + 2(+2-2i’ 

0<r<z’-i 

ITTTIl 

XgUo,0,0,fc_5 «5^Vo,0,fe + lW9(/Q 

+ p(s+^) -p(s+4) 

0,0,0,fe-5 -‘0,0,0,fe+2 Q 0 fc 2 0 0 fc-1 

M 



i^_S(®+2) p(s) 

2W—J-Q 0 J Q J 

Mr=Mr=MY\i—Q A^ „gs+2i + 2-2i’ 
0<r<Z ’ 


XqCPo,o,i-i,A:)Xq('^o,o,i+i,fc-i^ 

i^_p(s+2) p(s) 

04+1,fc-1 

Mr=Mr=M Y\i-Q A^ ^^s+2l + 2-2i’ 
0<r<Z-l 



_ p{s+2t + H})rp{B) pIs+4) .pIs+2) 

'‘"~-‘0,0,0,fc-5 -‘0,0,0,fc+2 0 4 0 fc-2 0 4 0 fe-1 

M 

imi 

X5('^o,i,o,fe-2)XgCPo,i,o,jt) 

iiT_p('S+4) S(s) 

Mr=MJ~[^^Q -A^^^^s+4ni-4i’ 
0<r<m 

irra 

Y Iv W ) 

-^1^'0,0,0,k-2>^'i^ '0,0,0,k>-^1^'^0,2,0,k-2> 

A^_p(®+®) p(s+4) p(s) 

^ ^ ~-‘0,0,0,fc-2-‘0,0,0,fc-' 0,2,0,fc-2 

M,=Mnr;li3-;,,+4„4i. 

0<r<7n—1 


Xg('^,0,0,*;-2)Xq (^0.0.2,fc) 

A/f'iris+4) -piB) 

l.O.O.fc-2-' 0,0,2,fc 

M 

i!onii 

Xq('Po,m,o,fe-2)Xg(^o,m,o,fc) 

i^_p(s+4) p(s) 

1^0^1^0,fc-2M),l,O,fe 

«r=M ns -^■;,.+4m-4i. 
0<r<m 


Xg('Po,m-\,0,fe)Xq('^0,m + l,0,fc-2) 

ii^_p('S+4) p(s) 

ivi —■rQ„^_iQk-rQ,^j^-iQi ^_2 

" IlfcO -4-;^.4.4„_4i , 
0<r<m—1 


X9C^.0.0^ifc-2)Xg('Po.O.2m.fc) 

p(s) 

^~-‘m.0.0.fe-2-' 0.0.2m.fe 

M 

irrm 

x,(r„‘:oAL2)x,(LTo,J 

^_p(s+4) p(s) 

71,0,0,fc-2-'n,0,0,fc 

Mr = M nr=0 '^4^1qS+47i-2-4i ’ 
0<r<n 


x,(7!it„’,o,4x,cf„‘L,o,o,t-2) 

^_p(s+4) p(s) 

•‘”~-‘n-l,0,0,fc-‘n+l,0,0,fc-2 

Mr=M ni=(r^^^g5+4n-2-4i > 

0<r<n—1 


Xq('^Q,i,o.k) 


M 


Table 3. Classification of dominant monomials in the system in Theorem 13.41 
(continued). 


M = m'im' 2 , Ml 

Mn-l = Vn-im'i 


1 

vim'i = M2 = V2m'i = M • • • > 

j=0 

n —2 n —1 

^ n ^4,4n-4i-2) ^4,4n-4*-2- 

2=0 2=0 


□ 


7.2. Proof of Theorem 13.41 By Lemma l7.ll the dominant monomials in the g-characters of 
the right hand side and of the left hand side of every equation in Theorem 13.41 are the same. 
Therefore the theorem is true. 


8 . Proof of Theorem ItHI 
In this section, we prove Theorem 13.61 

By Lemma EU we have known that the modules in the second summand on the right hand 
side of every equation in Theorem [33] are special, and hence they are simple. Therefore in order 
to prove Theorem 13.61 we only need to show that the modules in the first summand on the right 
hand side of every equation in Theorem 13.41 are simple. 

8.1. Proof of Theorem 13.61 We will prove the case of ^he 

other cases are similar. By definition, we have 
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Equations 

Non-liighest dominant monomial 

rij. 

Relation 

uni) 

Mr, 

r=l,2,...,k-l 

M A~^ A~^ 

^ l,a9-2«-2r+1^2,a<7-2«-2r+2’ 

r=l,2,...,fc-l 

nr^Xq{Mr), 

r=1.2.fc-1 

i3 

Mr, 

r=l,2,...,n—l 

M A~^ A~^ 

^-'’'^4,aqS+4n-4r+2^3,„,s+4n-4r+4’ 

r=l,2,...,n—\ 

nr€Xq{Mr), 

l^r ^Xq (7^,m-\,0,0 )Xq {‘7^^,m,0,o) ’ 
r=1.2.77—1 

(EH El) 

Mr, 

r=l,2,...,n—l 

M A~^ A~^ 

^^^^4,aqS+4n-4r+2^3,„,s+4n-4r+4’ 

r=2.....n—1 

nreXq{Mr), 

*^r^Xg('7^^o!i-2,o)^9(’^^,0,(,o)’ 

r=i,2,...,77—1 

(13.5114.01) 

Mr, 

r=l,2,...,m—l 

M A~'^ A~^ 

^^3,aqS+4m-4r+4^2,agS+4Tn-4r+6 ’ 

r=l,2,...,m—1 

^rGXg(Mr), 

r = l,2.777—1 

EH) 

Mr, 

r=l,2,...,n—l 

M A~'^ A~^ 

^^^^4,aqS+4n-4r+2^3,o,s+4n-4r+4’ 

r=l,2,...,n—1 

^rGXg(Mr), 

1,1,0 )X9{'7^^,m,i,o)i 
r=1.2.77—1 

(E 3 ) 

Mr, 

r=l,2,...,n—l 

■^*T,i,«+4'‘-2^3,a,«+4'‘T,a,«+'l»+2T,o,>+4'‘+3’ 

M A~^ A~^ 

^-'^^4,aqS+4n-4r+2^3,„,s+4n-4r+4’ 

r=2 n—1 

nr€Xq{Mr), 

l^r^Xq ('^,oto,fc-2 )^9 (*^^,o\o,fe ) ’ 

r=l,2,...,77—1 

El 

Mr, 

r=l,2,...,m—l 

■^^^3,aq®+4”4^2,ag'S+4Tn+2 ^i^aqS+4m+3 ’ 

M A~'^ A~^ 

^ 3,aqS+4m-4r+4^2,a9S+4Tn-4r+6’ 

r=2.m—1 

nr^XqiMr), 

^r^Xg(7^^^Tn^0^fc_2)Xq(7^^^m,0,fc)’ 

r = l,2,...,777—1 

lEDlIXTTI) 

Mr, 

r=l,2,...,n—l 

■^^^4,ai3®+4n-2 ^3,aqS+4n ■^2,ctq^+4«+2 ’ 

■^^^4,aqS+4n-4r+2^3,„,s+4n-4r+4’ 
r=2 . n-1 

nreXq{Mr), 

r=l,2,...,77—1 

E5ii;mi) 

Mr, 

r=l,2,...,m—l 

M AA~^ 

^ 3,aqS+4m-4r+4^2,agS+4m-4r+6’ 

r=l,2,...,m—1 

nr€Xg(Mr), 

7 = i,2.777—1 

iimi) 

Mr, 

r=l,2,...,n—l 

■^’’^4,aqS+4n-4r+2^3^„^s+4n-4r+4' 

r=l,2,...,n—1 

nr€Xg[Mr), 

r=1.2.....n—l 

(13.15|1 

Mr, 

r=l,2,...,n—l 

r=l,2,...,n—1 

nr€Xq{Mr), 

r=1.2.....77—1 

eh Ed EH 

Mr, 

r=l,2,...,l-l 

M AA~^ 

2,aq^+21+4-2r^l,„,s+2Z+5-2r’ 

r=l,2,...,Z-l 

nr€Xq{Mr), 

^T-^Xg('Po,0^i^fc_l)Xq('Po,0,I,fc)’ 
r=1.2. 1-1 

(irmEDi) 

Mr, 

r=l,2,...,m—l 

^^^3,aq^+4”^'^2,a9^+4ni+2 ^i^^qS+4m+3 ’ 

M A~'^ A~^ 

^^3,aqS+4m-4r+4^2,ag'S+4Tn-4r+6 ’ 

r=2.771—1 

nr^XqiMr), 

^r^Xg('Po^Tn,0,fc-2)^4(^0,m,0,fc)’ 

7’ = 1,2,...,777—1 

lETl) 

Mr, 

r=l,2,...,n—l 

■“'T.a,«+4'‘-2T,a,«+4'‘T,a,«+'l»+2T,a,«+4'‘+3’ 

M A~^ A~^ 

’■ 4,aqS+4n-4^+2^3^„^s+4n-4r+4’ 

^=2 77 — 1 

7lreXg(Mr), 

^r^X9(7^^0^0,fc-2)^9{*^^,0,0,fc)’ 

r=l,2,...,77—1 


Table 4. Irreducible in Theorem 


—(4sH- 444+8 * * * 45_|_4^)(3s-(_472+63s+4n+10 ' ' * '^s-\-An-\-Arn—2)i^s-\-An-\-Arn-\-'^‘^s-\-An-\-^va-\-b 
2s+4nH-4mH-2/H-l)(ls+4nH-4mH-2/H-4lsH-4n+4m+2/+6 * * * ls+4n+4m+2/+2/cH-2); 

— {.^s^s+A * * * 4s-(-4jt,_ 4)(35-(_4j2+23s4-4n+6 * * * 3s-|-4jT,-|-4m—2)(2s4-4nH-4mH-32s+4nH-4mH-5 
2s+4nH-4m,H-2/H-l)(ls+4nH-4m,H-2/H-4lsH-4n+4m+2/+6 * * * ls+4n+4m+2/+2fcH-2)* 

By Lemma[7Tl the dominant monomials of 


r —1 


Mr = MW A4_^^.+4„-2-4i, 0 < r < n - 1, where M = 


i=0 


We need to show that Xqi^r) ^ Xqi^) for 1 < r < n — 1. We will prove the case of r = 1, 
the other cases are similar. 
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Ml —M A^^^^^^An-2 — -^4^_|_4^_44^_|_4^3s+4n-2- 


By Ug2{5l2) argument, it is clear that ni = is in XqiMi). 

If m is in then f^"^\^k^~lgs+An- 2 A-^^^,+An is in i,k) 

which is impossible by the Frenkel-Mukhin algorithm for ^ Hence Xqi^i) % Xq{^)- 

9. Conjectural equations satisfied by the ^-characters of other minimal 

AFFINIZATIONS IN TYPE F 4 

In this section, we give some conjectural equations satisfied by the (^-characters of the minimal 
afhnizations in type -F 4 which are not in Theorem 13.41 and Theorem 15.41 In order to study 
equations satisfied by g-characters, we introduce the concept of dominant monomial graphs for 
a tensor product of simple f/^g^-modules. 


9.1. Conjecture about the minimal alRnizations which are not in Theorem 13.41 and 
Theorem 15.41 Let l,m,n G Z>i, k G Z> 3 , s G Z. We define 




(«) 

0 ,m,0,/c 


= Tr 


(A 


ds+4) 


0,0,2m,/c'^ m,0,0,/c—2’ 


s. 


(*) _ 


z 


is) 


4.s+4n+4) 


n,0,l,k 

q{s) 

^0,m,l,k 


0,n,l,A: 0,0,0,fc—l ’ 


z 


(s) 




(s+4n+4) 


0 ,n,l,k'‘'0,0,l—2,k ’ 


1 = 1, 

i > 2, 




is) 


^(s+4) , .. 

^ f\ C\ U 1, ( J-, 


0 ,0,l+2m,fc m,0,0,fc 
rpis) ^(s+4) 7^9 

-^0,0,7+2m,fc-^m,0,7-2,7c’ '' — 


qis) _ rpis) 

^n,m,0,k 


rpis+An+i) 

0,n+m,0,k 0,m—1,0,7c’ 

cis) _ ^(s) ^(s+4n+4) 

‘^n,m,l,k ^ Q,n+m,l,k^ 0,m—l,l,k ' 


~(s) ^ ~(s) 

We use to denote the simple I/qg-module with the highest weight monomial 

Conjecture 9.1. For s G Z, n,m,l G Z>i, k G Z> 3 , we have the following equations in 

Rep{UgQ). 


r/T-(s+4) UT"!®) 1 _ \q-is+X) 1 FT"!®) 1 1 Icl®) 1 

U0,m,0,7c-2h'0,m,0,7cJ ~ L'0,m-l,0,7ch'0,m+l,0,7c-2J ^ L‘^0,m,0,7cJ ’ 


(9.1) 


irpis+4:) 1 rrpis) 1 _ r._(s-|-4) i r/T-(s) 1 I r (o(s) 1 

1-'n,m—1,0,TcJ 1-'n,m,0,TcJ 1-' n—l,m,0,7cJ 1-' n+l,m—l,0,7cJ l‘^n,m,0,7cJ ’ 


\rpis+i) 1 \q-KS) 1 _ r.T-ls-i-'i; i \q-KS) i . r -i 

1-'n,m—1,7,TcJ 1-'n,m,7,TcJ I-'n—l,m,7,7ch ^n+l,m—l,7,7cJ l■‘^n,rr^,7,7cJ ’ 


-is) 


4®+4) 


is) 


:(®) 


r' 7 ^(®+ 4 ) u-T"!®) 1 _[- 7 -',®+"*; ir' 7"''®7 1 I rc’-®7 i / _ 

l'n,0,0,7c-lh'n,0,l,7cJ ~ Un-l,0,l,fch'n+l,0,0,7c-lJ l^n,0,l,7cJ’ '' ~ 


4s+4) 


(®) 


:is) 


= L 


["^^,0,7-V7c] ["^^,0,7,7c] ~ [’^^-l,0,7,fc]['^+UO,7-2,7c] + [‘^n,0,7,7c] ’ ^ 


(9.2) 

(9.3) 

(9.4) 

(9.5) 
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-{s+4) 


(^) 




(9.6) 


Example 9.2. The following are some equations of Equation (M) in Conjecture \9.1 


(9.7) 


[lo3_6][l-4l-2lo3_io] = [l_4l-2lo][lo3-io3_6] + [1-41 -2 lo2-92_74_8] , (9.8) 

[lo3_lo3_6][l-4l-2lo3-143_lo] — [l_4l_2lo3-lo][lo3-143_lo3_6] + [l-4l--2lo^-132-ll2_92_74_i24_8], (9.9) 

[l_4l-2lo3-lo][l-8l-6l-4l-2lo3_14] = [1-81 -6 1 -4 1 -2 lo] [1 -4 1 -2 lo3-143-lo] + [1 _8 1-6 li 4 1^2 lo2-132- 11 4_ 12 ] . (9.10) 

Example 9.3. The following are some equations of Equation and Equation 119.5\) in Con¬ 
jecture EH 


[l_2lo4-lo][l-4l-2lo2_74_i4] — [l_4l_2lo2_7][l_2lo4-144_lo] + [ 1 - 41^2 4o2-73_ 12 ], (9-11) 

[l_2lo4_i44_io][l-4l~2lo2-74_184_i4] — [1 _4 1 _2 lo2_74_ 14 ] [1 _2 lo4_ 184_ 144_ 10 ] + [1 _4 1^2 Io2-73 -16 3_ 12 ], 

(9.12) 


[l_4l_2lo4-12][l-4l-2lo2-92_74_i6] — [1 _4 1 -2 lo 2 - 92 _ 7 ] [1 _4 1 _2 lo4_ 164_ 12 ] + [ 1 ^ 41^2 Io^- 92 - 73 _ 14 ], 

(9.13) 

[l-4l-2lo4-164-12] [l-4l-2lo2-92_74_2o4_16] — [l-4l-2lo2-92_74_i6][l-4l-2lo4-2o4-164_12] 

+ [l?.4l?.2lo2-92_73_183_14]. (9.14) 

[l_ 4 l_ 2 lo 2 _ 74 _i 4 ][l_ 4 l_ 2 lo 2 _ll 2 _ 92 _ 74 - 18 ] — [l- 4 l- 2 lo 2 -ll 2 - 92 - 7 ][l- 4 l- 2 lo 2 - 74 -i 84 -i 4 ] 

+ [li4l!.2lo2-ii2-92i73-i6]. (9.15) 

[l-4l-2lo2-74-ls4-i4][l-4l-2lo2-ll2-92-74-224-18] — [l-4l-2lo2-ll2-92-74-i8][l-4l-2lo2-74-22 4-184-i4] 

+ [l?.4l?.2lo2-ll2-92i73-2o3-16], (9.16) 

[l-4l-2lo2-92-74-i6][l-4l-2lo2-132-ii2-92-74-2o] = [l-4l-2lo2-132-ii2-92-7][l-4l-2lo2-92-74-i6] 

+ [li4l?.2lo2-i32-ii2l92i73-i8]. (9.17) 


9.2. Dominant monomial graphs. In order to study equations satisfied by g-characters, we 
introduce dominant monomial graphs for a tensor product of simple 17^0-modules. 

Definition 9.4. Let T =Ti®- ■ - ^Tk he a tensor product of simple UqQ-modules. We define the 
dominant monomial graph G{1') forE as follows. The vertices ofG{E) are dominant monomials 
E Xq{T) = Xq{Ti) ■ ■ ■ XqiTk). Eov two vcrtices vi,V 2 in G{T), there is an arrow from vi to V 2 if 
and only if V 2 < Vi. 

Let G be a dominant monomial graph. Suppose that a, b are two vertices in G and h < a. 
Then h = ma for some m G Q~. We draw 

a -m-s- Jj 

when we draw the graph G. 

In the following, we draw the dominant monomial graphs for the modules in the equivalence 
classes on the left hand side of the equations in Examples 19.21 and 19.31 Figure [T] - Figure [TU] 
correspond Equation (19.81) - Equation (|9.17p respectively. 

In all examples of dominant monomial graphs, we find that every graph can be divided into 
two parts. The vertices in the first (resp. second) part of the graph are dominant monomials 
in the first (resp. second) summand of the right hand side of the correpsonding equation. For 
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example, in Figure [21 the monomials M, 02, 03, 04 (resp. 05, ae, 07, as, og, aio, an) are the 
dominant monomials of the first (resp. second) summand of the right hand side of Equation 

M . 

These graphs are also conjectural, since we are not able to show that the Frenkel-Mukhin 
algorithm works for the modules which are not special. If we can show that these graphs are 
indeed the dominant monomial graphs for the corresponding modules, then the corresponding 
conjectural equations are true. 

For k £ 7 j, let 


N<^> 

K’ 


— A~^ A~^ A~^ A~^ 

~ ^ 4 ,A:^ 3 ,fc+ 2 ^ 2 ,fe+ 4 ^ 1 ,fc+ 5 ’ 

— A~^ A~^ A~^ A~^ 

~ ^ 2 ,A:^ 3 ,fc+ 2 ^ 2 ,fe+ 4 ^ 1 ,fc+ 5 ’ 


= yl 


-1 


1-1 


4 ,k- 2 ^ 3 ,k’ 

— A~^ A~^ A~^ 

— "^2 k _ 2'^3 /c '^4 k _2’ 

— A~^ A~^ A~^ 

~ ^ 2 ,fc- 2 ^ 3 ,fc^ 4 ,fc+ 2 ’ 


where Aj ^ which is defined in 12.21 

We have the following relations 


^ 2 ,kNi^'’ 


= A 4 ,kNl^\ 
A 2 ,k- 2 N]^\ 


A2,k+2Al,k+3N^kl2 = ^k\ 

Ai^k-2Nlp = ^4,fc+2Af^^^ 


M 

I 

02 

. 4 - 

t 

03 


t 

04 


Figure 1. The dominant monomial graph for L(mi)^L{m2) {M = mim2 
where mi = lo3_6,m2 = l_4l-2lo3-io) 


M-» “2 -03-Wt2-► “4 

A-i ' A-l A-i 

•" 3.-12 -" 3,-12 " 3,-12 

III 

05-^ 07 


08 — n^^Ia2,-s^ 09 aio-^ On 


Figure 2. The dominant monomial graph for L{mi)^L{m2) {M = m\m2 
where mi = lo3_io3_6,m2 = l_4l-2lo3-i43-io)- 
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oil ai 2 -«9 -Az.Ls-^iAt-► “10 

•''-12 •''-12 

1 1 
“13 —wS,A;;ijAjL5» “14 


Figure 3. The dominant monomial graph for L{mi) L{m 2 ) {M = mim 2 
where mi = l_4l_2lo3-io, m2 = l_8l-6l-4l-2lo3-i4)- 


M — 

^4,-12 -^4,-12 

I 1 

o-z —^4 

Figure 4. The dominant monomial graph for L{mi) L{m 2 ) {M = mim 2 
where mi = l_2lo4-io,m2 = l_4l-2lo2-74-i4)- 


M —(^2 

A-i aJ 

•"4,-12 -"4,-12 

I 1 

o-z —ivie^ ^4 

A-l "a-I 

"4,-16 "4,-16 

I 1 

05 —06 


Figure 5. The dominant monomial graph for L(mi)(^L(m2) (M = mim2 
where mi = l_2lo4-i44_io,m2 = l_4l-2lo2-74-i84_i4). 


M —02 —03 

A-i ‘a-I "a-I 

"4,-14 "4,-14 "4,-14 

III 

“4 —“5 —“6 


Figure 6. The dominant monomial graph for L(mi)(^L(m2) (M = mim2 
where mi = l_4l_2lo4-i2, mi = l_4l_2lo2-92_74_i6). 
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M —“2 — 

.i .J .-i 

^4,-14 -^4,-14 “^4,-14 



a? —CIS —A^is^ «9 


Figure 7. The dominant monomial graph for L{mi) L{m2) {M = mim2 
where mi = l_4l_2lo4-i64_i2, m2 = l_4l-2lo2-92-74_2o4-i6)- 


M 



Figure 8. The dominant monomial graph for L{mi)^L{m2) {M = mim2 
where mi = l_4l_2lo2-74_i4,m2 = l_4l_2lo2-ii2_92_74_i8). 
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Figure 9. The dominant monomial graph for L{mi)^L{m2) {M = mim2 
where mi = l_4l_2lo2-74_i84_i4,m2 = l_4l_2lo2-ii2_92_74_224_i8)- 



Figure 10. The dominant monomial graph for L(mi)(^L(m2) {M = mim2 
where mi = l_4l_2lo2-92_74_i6, m2 = l_4l_2lo2-i32-ii2_92_74_2o)- 
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